
!"#$%&’( )*+,-

!"#$%&’()* +&,-&. $ /0&.1()* +& )(20 )0,3&4+24 )(2%2+24. 5,)(6 +& !$.$724 )(2%2+’ 2/&8&0-
)* 9+.%’4 :$;&402!$3. <&/2!& !’%2*(+2)(6 (2-2, 3(2 ) 2#%&(+24 )(2%2+" (2=’ #,.’( 9+.%’4
:$;&402!$3?

1.29. 5%$ >2)&./’ ! )&7201( !")(%2$0&)6 23’%’.6 $8 n >&))&=$%2!, , /&=.2-2 $8 /2(2%";
$7’’()* #$0’( +& 2.+2 $8 n 7’)(. 5’%!24 ! 23’%’.$ )(2$( ),7&)?’.?&* )(&%,?/&. @+& !#’-&-
’( ! )&02+ $ )&.$()* +& )0,3&4+2’ 7’)(2 (!2872=+2, $ +& )!21). A&0’’ >&))&=$%" >2 23’%’.$
8&+$7&B( )!2$ 7’)(&. C )0,3&’, ’)0$ 7’)(2 23’%’.+2-2 >&))&=$%& ,=’ 8&+*(2, 2+ )&.$()* )0,-
3&4+"7 2#%&827 +& 2.+2 $8 )!2#2.+"; 7’)(. <&/2!& !’%2*(+2)(6 (2-2, 3(2 >2)0’.+$4 >&))&=$%
8&471( )!21 7’)(2?

1.30. C )’76’ >*(’%2 .’(’4. D2)(6 )3$(&’(, 3(2 7&063$/$ $ .’!23/$ %2=.&B()* %&!+2!’%2*(+2
$ +’8&!$)$72 .%,- 2( .%,-&. E7, )(&02 .2)(2!’%+2 $8!’)(+2, 3(2 .!2’ 7&063$/2! ! )’76’ (23+2
’)(6. <&/2!& !’%2*(+2)(6 (2-2, 3(2 2)(&!?$’)* .’($ (2=’ 7&063$/$?

1.31. A0* (&/$; (%1; >2>&%+2 +’8&!$)$7"; %&!+2!’%2*(+"; )2#"($4 A,B,C, 3(2 A→B→C = ⊋,
+&4.$(’ 7&/)$7&06+2 !2872=+2’ 8+&3’+$’ !’%2*(+2)($ P(A) (2+& =’ P(B) $ P(C)).

1.32. C" %’?$0$ >2’;&(6 +& -2%+20"=/, $ 8!2+$(’ .!,7 )!2$7 .%,86*7 ,8+&(6, /&/ (&7 >2-2.&.
@#& )/&8&0$, 3(2 )+’-& +’(. 52 !&?$7 &>%$2%+"7 .&++"7, !’%2*(+2)(6 )+’-& %&!+& 0.8. <%27’
(2-2, !&?$ .%,86* 72-,( >2?,($(6 ) !’%2*(+2)(6B 0.3 +’8&!$)$72 .%,- 2( .%,-&. F&4.$(’
&>2)(’%$2%+,B !’%2*(+2)(6 (2-2, 3(2 $.1( )+’-.

1.33. E)0$ (’0’G2++"4 %&8-2!2% .0$()* !%’7* t, (2 !’%2*(+2)(6 8&/2+3$(6 ’-2 ! >%27’=,(/’
(t, t + h) %&!+& ωh + o(h) >%$ h ↑ 0. F&4($ !’%2*(+2)(6 (2-2, 3(2 %&8-2!2% >%2.0$()* .206?’
!%’7’+$ t.

1.34. H& #’)/2+’3+"7 ! .!’ )(2%2+" )(2027 ($8272%G+"7 I’0"7 3$)0&7) )$.*( #’)/2+’3+2’
/20$3’)(!2 G$!(2! $ >$?,( /2+(%206+,B >2 JC. <&=."4 )(,.’+( +’8&!$)$72 2( .%,-$; $7’’(
?&+) 1

2 %’?$(6 /2+(%206+,B. E)0$ =’ 2+ /2+(%206+,B +’ %’?&’(, 2+ $7’’( ?&+) 1
2 )>$)&(6 ’1 ,

)2)’.& )>%&!&, >%$ ,)02!$$, 3(2 (2( %’?$0 ’1. 9+&02-$3+2 ) )2)’.27 )0’!&. F&4.$(’ !’%2*(+2)(6
(2-2, 3(2 )(,.’+( +& +,0’!27 7’)(’ %’?$( /2+(%206+,B.

1.35. D’27’(%$3’)/2’ %&)>%’.’0’+$’ 2#0&.&’( "($.($(/+&0 %102(+, (2 ’)(6 .0* ε ↓ Geom(p)

P{ε > m+ n | ε ↭ n} = P{ε > m}

.0* !)’; n,m ↭ 0.

1.36. E.$+)(!’++2’ %&)>%’.’0’+$’ +& +&(,%&06+"; 3$)0&;, 2#0&.&BK’’ 2(),()(!$’7 >&7*($, L
-’27’(%$3’)/2’ %&)>%’.’0’+$’.

1.37 (5&%&.2/) (%&+8$($!+2)($). A0* )0,3&4+"; !’0$3$+ ε, ϑ )/&=’7, 3(2 Mε #206?’ ϑ >2
!’%2*(+2)($N, ’)0$ P{ε > ϑ} > P{ε ↫ ϑ}. O!0*’()* 0$ 2(+2?’+$’ M#206?’ >2 !’%2*(+2)($N
(%&+8$($!+"7?

!"#$ 2: %$&"#$&’(")*+" +,’-$.’", -’)/"0)’1, *+2$0’$3’1
2.1. P’)($-%&++"4 /,#$/ >2.#%&)"!&’()* +’8&!$)$72 n %&8. Q0,3&4+&* !’0$3$+& ε %&!+& /2-
0$3’)(!, !">&!?$; ’.$+$I, & ϑ L ),77’ !">&!?$; 23/2!. F&4.$(’ 7&(’7&($3’)/$’ 2=$.&+$*
R($; !’0$3$+.

2.2. 523(&062+ )0,3&4+2 >’%’>,(&0 n >$)’7, &.%’)2!&++"; n %&80$3+"7 >20,3&(’0*7. F$3(2-
=’ ),7+*?’)*, 2+ %’?$0 )0,3&4+2 >’%’7’?&(6 >$)67& $ %&8.&(6 $; >20,3&(’0*7. F&4.$(’
7&(’7&($3’)/2’ 2=$.&+$’ /20$3’)(!& 0B.’4, /2(2%"’ >20,3&( >$)67&, >%’.+&8+&3’++"’ $7’+-
+2 $7.

2.3. F&4.$(’ 7&(’7&($3’)/2’ 2=$.&+$’ $ .$)>’%)$B #$+27$&06+2-2 %&)>%’.’0’+$*.

2.4. F&4.$(’ 7&(’7&($3’)/2’ 2=$.&+$’ $ .$)>’%)$B >,&))2+2!)/2-2 %&)>%’.’0’+$*.

75



34&#4&5 6.*.

2.5. F&4.$(’ 7&(’7&($3’)/2’ 2=$.&+$’ $ .$)>’%)$B -’27’(%$3’)/2-2 %&)>%’.’0’+$*.

2.6. <&=.2’ %’#%2 >20+2-2 -%&G& +& n !’%?$+&; %&!+2!’%2*(+2 ($ +’8&!$)$72 .%,- 2( .%,-
-&) /%&)*( ! 2.$+ $8 (%1; I!’(2!: /%&)+"4, )$+$4 $0$ 8’01+"4. Q0,3&4+&* !’0$3$+& ε %&!+&
/20$3’)(!, /%&)+"; (%’,-206+$/2!. F&4.$(’ ’1 7&(’7&($3’)/2’ 2=$.&+$’ $ .$)>’%)$B.

2.7. C ,%+’ 0’=&( 10 #’0"; $ 10 31%+"; ?&%2!. < +’4 >2.;2.*( 10 .%,8’4 $ (*+,( $8 +’1
>223’%’.+2 >&%" ?&%2! (#’8 !28!%&K’+$*). F&4.$(’ 7&(’7&($3’)/2’ 2=$.&+$’ $ .$)>’%)$B
/20$3’)(!& !"(*+,("; 2.+2I!’(+"; >&%.

2.8. Q0,3&4+&* !’0$3$+& ε $7’’( %&)>%’.’0’+$’

P{ε = k} =
C

k(k + 1)
.0* k = 1, 2, 3 . . .

F&4.$(’ /2+)(&+(, C ↔ R. F&4.$(’ .0* >20,3$!?’-2)* %&)>%’.’0’+$* 7&(’7&($3’)/2’ 2=$.&-
+$’.

2.9 (5&%&.2/) 2=$.&+$* )’%$$). 5%2!2.$()* )’%$* $)>"(&+$4 S’%+,00$ ) !’%2*(+2)(6B ,)>’-
;& 1

2 . A0* i, j ↔ {0, 1} 2#28+&3$7 3’%’8 εij )0,3&4+,B !’0$3$+,, %&!+,B /20$3’)(!, $)>"(&+$4
.2 >’%!2-2 >2*!0’+$* >2)0’.2!&(’06+2)($ ij. (T2%7&06+2, .0* /&=.24 >&%" (i, j) +,=+2 >2-
)(%2$(6 )!21 >%2)(%&+)(!2 /2+’3+";, +2 )/206 ,-2.+2 #206?$; >2)0’.2!&(’06+2)(’4, .0$+&
/2(2%"; $7’’( -’27’(%$3’)/2’ %&)>%’.’0’+$’.) F&4.$(’ 7&(’7&($3’)/$’ 2=$.&+$* )0,3&4+";
!’0$3$+ ε00 $ ε01.

2.10. Q0,3&4+&* !’0$3$+& ε %&!+2!’%2*(+2 >%$+$7&’( 8+&3’+$* $8 +’/2(2%2-2 /2+’3+2-2 7+2-
=’)(!& {a1, . . . , an} ↗ R. F&4.$(’ argmin

a

E |ε ↘ a| $ argmin
b

E(ε ↘ b)2.

2.11. Q0,3&4+"’ !’0$3$+" ε $ ϑ +’8&!$)$7", 2.$+&/2!2 %&)>%’.’0’+" $ $7’B( /2+’3+"’ 7&-
(2=$.&+$’ $ .$)>’%)$B. F&4.$(’ /2RGG$I$’+( /2%%’0*I$$ )0,3&4+"; !’0$3$+ ε1 = ωε + ϖϑ
$ ε2 = ωε↘ ϖϑ. <2-.& 2+$ +’/2%%’0$%2!&+"? U(2 ! R(27 )0,3&’ 72=+2 )/&8&(6 2# $; +’8&!$)$-
72)($?

2.12. Q0,3&4+"’ !’0$3$+" ε1, . . . , εn >202=$(’06+", +’8&!$)$7" ! )2!2/,>+2)($ $ $7’B( 2.+2
$ (2 =’ +’!"%2=.’++2’ %&)>%’.’0’+$’. 5202=$7

ϑk :=
εk

ε1 + . . .+ εn
.0* 0B#2-2 k = 1, . . . , n.

F&4.$(’ E ϑk $ /2RGG$I$’+( /2%%’0*I$$ 7’=., ϑk $ ϑω .0* k, ϱ ↔ {1, . . . , n}.
7’181#+&: %"9:8.;(&$: (<+)9+#&;#"$(:=, #& 51$%+$>/1;(& /$? %" "%5&@&9&#+=!

2.13. Q0,3&4+"’ !’0$3$+" ε1, . . . , εn, ϑ1, . . . , ϑn +’8&!$)$7" ! )2!2/,>+2)($. @>%’.’0$7 )0,-
3&4+"’ !’0$3$+" ςn := ε1 + . . . + εn $ ς→

n
:= ε1ϑ1 + . . . + εnϑn. F&4($ E ςn, E ς→

n
, Var ςn, Var ς→

n
,

cov(ςn; ς→n), ’)0$ E εk = a, Var εk = φ2, & ϑk ↓ Bern(p).

2.14. A2/&=$(’ )0’.,BK’’ +’%&!’+)(!2 <SP:

|E εϑ| ↫ E |εϑ| ↫
√

E ε2
√

E ϑ2.

C"!’.$(’ $8 +’-2 +’%&!’+)(!2 <SP .0* /2!&%$&I$$.

2.15. E)0$ /2+’3+2 E ε2, (2 /2+’3+2 $ E ε.

!"#$ 3: 4"0$2".)&2$ ’ 50"-"67.8" 9$*+.8
3.1. 5,)(6 )0,3&4+&* !’0$3$+& εn %&!+& )%’.+’7, 8+&3’+$B 23/2!, >2*!$!?$;)* >%$ n #%2)&-
+$*; )$77’(%$3+24 $-%&06+24 /2)($. F&4.$(’ >%’.’0 >2 !’%2*(+2)($ .0* εn.

3.2. A0* +’8&!$)$7"; )0,3&4+"; !’0$3$+ ε1, ε2, . . . ↓ Bern(p) 2#28+&3$7 3’%’8 ϑn /20$3’)(!2
(&/$; i 2( 1 .2 n, 3(2 εi = εi+1 = 1. F&4.$(’ >%’.’0 >2 !’%2*(+2)($ .0*

ϑn
n

.
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