
!"#$"#% &.’.

2.5. !"#$%&’ ("&’("&%)’*+,’ ,-%$".%’ % $%*/’0*%1 2’,(’&0%)’*+,2, 0"*/0’$’3’.%4.

2.6. 5"-$,’ 0’60, /,3.,2, 20"7" ." n 8’09%.": 0"8.,8’0,4&., (% .’;"8%*%(, $0<2 ,& $0<-
2") +0"*4& 8 ,$%. %; &0=: >8’&,8: +0"*.?#, *%.%# %3% ;’3=.?#. @3<)"#."4 8’3%)%." ω 0"8."
+,3%)’*&8< +0"*.?: &0’<2,3A.%+,8. !"#$%&’ ’= ("&’("&%)’*+,’ ,-%$".%’ % $%*/’0*%1.

2.7. B <0.’ 3’-"& 10 6’3?: % 10 )=0.?: 9"0,8. 5 .’# /,$:,$4& 10 $0<;’# % &4.<& %; .’=
/,,)’0’$., /"0? 9"0,8 (6’; 8,;80"C’.%4). !"#$%&’ ("&’("&%)’*+,’ ,-%$".%’ % $%*/’0*%1
+,3%)’*&8" 8?&4.<&?: ,$.,>8’&.?: /"0.

2.8. @3<)"#."4 8’3%)%." ω %(’’& 0"*/0’$’3’.%’

P{ω = k} =
C

k(k + 1)
$34 k = 1, 2, 3 . . .

!"#$%&’ +,.*&".&< C → R. !"#$%&’ $34 /,3<)%89’2,*4 0"*/0’$’3’.%4 ("&’("&%)’*+,’ ,-%$"-
.%’.

2.9 (D"0"$,+* ,-%$".%4 *’0%%). D0,8,$%&*4 *’0%4 %*/?&".%# E’0.<33% * 8’0,4&.,*&A1 <*/’-
:" 1

2 . F34 i, j → {0, 1} ,6,;.")%( )’0’; ωij *3<)"#.<1 8’3%)%.<, 0"8.<1 +,3%)’*&8< %*/?&".%#
$, /’08,2, /,483’.%4 /,*3’$,8"&’3A.,*&% ij. (G,0("3A.,, $34 +"-$,# /"0? (i, j) .<-., /,-
*&0,%&A *8,= /0,*&0".*&8, +,.’).?:, ., *+,3A <2,$., 6,3A9%: /,*3’$,8"&’3A.,*&’#, $3%."
+,&,0?: %(’’& 2’,(’&0%)’*+,’ 0"*/0’$’3’.%’.) !"#$%&’ ("&’("&%)’*+%’ ,-%$".%4 *3<)"#.?:
8’3%)%. ω00 % ω01.

2.10. @3<)"#."4 8’3%)%." ω 0"8.,8’0,4&., /0%.%("’& ;.")’.%4 %; .’+,&,0,2, +,.’).,2, (.,-
-’*&8" {a1, . . . , an} ↑ R. !"#$%&’ argmin

a

E |ω ↓ a| % argmin
b

E(ω ↓ b)2.

2.11. @3<)"#.?’ 8’3%)%.? ω % ε .’;"8%*%(?, ,$%."+,8, 0"*/0’$’3’.? % %(’1& +,.’).?’ ("-
&,-%$".%’ % $%*/’0*%1. !"#$%&’ +,H77%>%’.& +,00’34>%% *3<)"#.?: 8’3%)%. ω1 = ϑω + ϖε
% ω2 = ϑω↓ ϖε. 5,2$" ,.% .’+,00’3%0,8".?? I&, 8 H&,( *3<)"’ (,-., *+";"&A ,6 %: .’;"8%*%-
(,*&%?

2.12. @3<)"#.?’ 8’3%)%.? ω1, . . . , ωn /,3,-%&’3A.?, .’;"8%*%(? 8 *,8,+</.,*&% % %(’1& ,$.,
% &, -’ .’8?0,-$’..,’ 0"*/0’$’3’.%’. D,3,-%(

εk :=
ωk

ω1 + . . .+ ωn
$34 316,2, k = 1, . . . , n.

!"#$%&’ E εk % +,H77%>%’.& +,00’34>%% (’-$< εk % εω $34 k, ϱ → {1, . . . , n}.
()*+*$,#: -./0+123#40 (5,)/,$#2$.4306, $# %*4-,478*23# 849 -. .-%#:#/#$,6!

2.13. @3<)"#.?’ 8’3%)%.? ω1, . . . , ωn, ε1, . . . , εn .’;"8%*%(? 8 *,8,+</.,*&%. J/0’$’3%( *3<-
)"#.?’ 8’3%)%.? ςn := ω1 + . . . + ωn % ς→

n
:= ω1ε1 + . . . + ωnεn. !"#&% E ςn, E ς→

n
, Var ςn, Var ς→

n
,

cov(ςn; ς→n), ’*3% E ωk = a, Var ωk = φ2, " εk ↔ Bern(p).

2.14. F,+"-%&’ *3’$<1C’’ .’0"8’.*&8, 5EK:

|E ωε| ↭ E |ωε| ↭
√

E ω2
√

E ε2.

B?8’$%&’ %; .’2, .’0"8’.*&8, 5EK $34 +,8"0%">%%.

2.15. L*3% +,.’)., E ω2, &, +,.’)., % E ω.

!"#$ 3: %"&$’"()*’$ + ,&"-"./(0" 1$23(0
3.1. D<*&A *3<)"#."4 8’3%)%." ωn 0"8." *0’$.’(< ;.")’.%1 ,)+,8, /,48%89%:*4 /0% n 60,*"-
.%4: *%((’&0%).,# %20"3A.,# +,*&%. !"#$%&’ /0’$’3 /, 8’0,4&.,*&% $34 ωn.

3.2. F34 .’;"8%*%(?: *3<)"#.?: 8’3%)%. ω1, ω2, . . . ↔ Bern(p) ,6,;.")%( )’0’; εn +,3%)’*&8,
&"+%: i ,& 1 $, n, )&, ωi = ωi+1 = 1. !"#$%&’ /0’$’3 /, 8’0,4&.,*&% $34

εn
n

.
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3.3. @3<)"#.?’ 8’3%)%.? ω1, ω2, . . . .’;"8%*%(?, E ωk = a, Var ωk = φ2 < ↗, k → N. D<*&A

ςn =
∑

1↭i<j↭n

ωiωj.

!"#$%&’ /0’$’3 /, 8’0,4&.,*&% $34
ςn
n2

.

3.4. D,*3’$,8"&’3A.,*&A ω1, ω2, . . . *,*&,%& %; .’;"8%*%(?: ,$%."+,8, 0"*/0’$’3=..?: *3<)"#-
.?: 8’3%)%., E ωn = 0, Var ωn = φ2 < ↗, n → N. M$,83’&8,041& 3% NEI /,*3’$,8"&’3A.,*&%
*3<)"#.?: 8’3%)%.

ςn = ωn + ωn+1? εn =

[
n

1
3

]

∑

k=0

ωn+k?

3.5. D,*3’$,8"&’3A.,*&A ω1, ω2, . . . ,60";,8"." .’;"8%*%(?(% *3<)"#.?(% 8’3%)%."(%

E ωn = 0, Var ωn = C · nε, C > 0, ϑ ↫ 0, n → N.

D0% +"+%: ;.")’.%4: ϑ /,*3’$,8"&’3A.,*&A ω1, ω2, . . . <$,83’&8,04’& NEI % /0% +"+%: ;.")’.%4:
ϑ (,-’& .’ <$,83’&8,04&A?

3.6. D,*3’$,8"&’3A.,*&% ω1, ω2, . . . % ε1, ε2, . . . ,60";,8".? ,$%."+,8, 0"*/0’$’3=..?(% *3<)"#-
.?(% 8’3%)%."(%, .";"8%*%(?(% 8.<&0% +"-$,# /,*3’$,8"&’3A.,*&% (*3<)"#.?’ 8’3%)%.? ωi
% εi (,2<& .’ 6?&A .’;"8%*%(?(%), E ωi = E εj = a, Var ωi = Var εj < ↗. B?/,3.4’&*4 3% NEI
$34 /,*3’$,8"&’3A.,*&% ς1, ς2, . . ., 2$’

ς2k↑1 = ωk, ς2k = εk, k → N?

3.7 (J6,6C=..,’ .’0"8’.*&8, O"0+,8"). F34 316,# .’,&0%>"&’3A.,# 7<.+>%% ↼ : R ↘ R,
.’<6?8"1C’# % /,3,-%&’3A.,# ." [ a,+↗), % 316,# *3<)"#.,# 8’3%)%.? ω 8’0.,, )&,

P (ω ↫ a) ↭ E↼(ω)

↼(a)
.

3.8. D<*&A ω, ε %(’1& +,.’).?’ ("&’("&%)’*+%’ ,-%$".%4 % $%*/’0*%%, " %: +,00’34>%4 0"8."
↽. P,2$"

P
{
|ω ↓ E ω| ↫ a

√
Var ω %3% |ε ↓ E ε| ↫ a

√
Var ε

}
↭ 1 +

√
1↓ ↽2

a2
.

()*+*$,#: max(a, b) = a+b+|a↑b|
2 .

3.9. It is Behrman’s great masterpiece ? he painted it there the night that the last leaf fell.
F-,.*% ."631$"’& ;" &’(, +"+ ;" ,+.,( ,/"$"1& 3%*&A4. J." ;"(’&%3", )&, ." n-?# $’.A

,*’.% ;" ’= ,+.,( /0,3’&"1& n 3%*&A’8, +"-$?# %; +,&,0?: /, *:’(’ %*/?&".%# E’0.<33% *
8’0,4&.,*&A1 pn = o

(
1
n

)
4834’&*4 +3’.,8?(, " * 8’0,4&.,*&A1 1↓ pn 4834’&*4 3%*&,( /31C".

F,+"-%&’, * +"-$?( $.=( 8’0,4&.,*&A <8%$’&A ;" ,+.,( +3’.,8?# 3%*& *&0’(%&*4 + .<31.

3.10. D<*&A $"." /,*3’$,8"&’3A.,*&A /,/"0., .’+,00’3%0,8"..?: *3<)"#.?: 8’3%)%. ω1, ω2, . . .,
< +,&,0?: ,/0’$’3’.? ("&’("&%)’*+%’ ,-%$".%4, " $%*/’0*%% 0"8.,*&’/’.., ,20".%)’.? .’+,-
&,0,# +,.*&".&,#. J6,;.")%( Sn :=

∑
n

i=1 ωi. P,2$" $34 316?: ⇀ > 0 % ⇁ > 0

P

{∣∣∣∣
Sn ↓ ESn

n0.5+ϑ

∣∣∣∣ > ⇀

}
↓↓↓↘
n↓↔

0.

3.11. D,+"-%&’, *<C’*&8’.., %*/,3A;<4 $%*+0’&.,*&A 8’0,4&.,*&.,2, /0,*&0".*&8", )&, 8 NEI
*:,$%(,*&A /, 8’0,4&.,*&% (,-., ;"(’.%&A ." *:,$%(,*&A * 8’0,4&.,*&A1 1 (&... /,)&% ."8’0-
.,’).
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3.12. B?8’$%&’ %; N"+,." E,3A9%: I%*’3 (" &,).’’, %; .’0"8’.*&8" I’6?9=8") &’,0’(< B’#-
’09&0"**" , &,(, )&, 316<1 .’/0’0?8.<1 7<.+>%1 f : [ 0, 1 ] ↘ R (,-., *+,3A <2,$., &,).,
/0%63%;%&A (.,2,)3’."(%.

()*+*$,#. !/@ )*":.A. n → N , x → [ 0, 1 ] %*44B.3%,3# 4/1C*2$7# 8#/,C,$7 ωn,x ↔ Bin(n, x)

, -./,$.B7 D#%$E3#2$* Bn(x) := E f

(
ωn,x
n

)
.

3.13. D,+"-%&’, )&, ’*3% ."0<9"’&*4 <*3,8%’ .’;"8%*%(,*&%, &, QDP (,-’& .’ 8?/,3.4&A*4.

3.14 (D’08"4 )"*&A 3’((? E,0’34–5".&’33%). B 316,# /,*3’$,8"&’3A.,*&% *,6?&%# A1, A2, . . .,
/0% <*3,8%%

∑↔
n=1 P(An) < +↗, * 8’0,4&.,*&A1 1 /0,%*:,$%& 3%9A +,.’).,’ )%*3, *,6?&%#

An.

3.15 (M*%3’..?# N"+,. E,3A9%: I%*’3 8 7,0(’ 5".&’33%). D<*&A .’;"8%*%(?’ *3<)"#.?’
8’3%)%.? ωn %(’1& .<3’8,’ ("&’("&%)’*+,’ ,-%$".%’, % E ω4

n
↭ C. P,2$" limn↓↔

ϖ1+...+ϖn

n
= 0 *

8’0,4&.,*&A1 1. !.)*+*3#/0438. $# :./"$. @8$. ,4-./0+.8*30 :,4)%#3$.430 -%.43%*$438*.

!"#$ 4: 4+)*"#0 #(35")*’
4.1. R(’1&*4 (.,-’*&8" A % B, ,&,60"-’.%’ f : A ↘ B, .’+,&,0"4 *%*&’(" A /,$(.,-’*&8
(.,-’*&8" A, % .’+,&,0"4 *%*&’(" B /,$(.,-’*&8 (.,-’*&8" B. J6,;.")%(

f(A) := {f(X) ↑ B : X → A} % f↑1(B) := {f↑1(Y ) ↑ A : Y → B}.

(a) L*3% B S +,3A>,, &, f↑1(B)S &,-’ +,3A>,.
(b) L*3% B S φ-"32’60", &, f↑1(B)S &,-’ φ-"32’60".
(c) @%*&’(" f(A) .’ ,64;"." 6?&A /,3<+,3A>,(, $"-’ ’*3% AS φ-"32’60".

4.2. D<*&A F % G S $8’ φ-"32’60? * ,6C’# ’$%.%>’#. J64;"&’3A., 3% 48341&*4 φ-"32’60"(%
(a) F ≃ G, (b) F ⇐ G, (c) F \ G, (d) F ⇒ G? T +"+%’ %; .%: (,2<& 4834&A*4?

4.3. R.,2$" /,3<"32’60,# .";?8"1& (.’/<*&<1) *%*&’(< /,$(.,-’*&8 (.,-’*&8" !, ;"(+.<-
&<1 ,&.,*%&’3A., /’0’*’)’.%4, % * &"+%( $,/,3.%&’3A.?( *8,#*&8,(: $34 316,2, H3’(’.&"
/,3<"32’60? ’2, $,/,3.’.%’ ($, !) /0’$*&"8%(, 8 8%$’ $%;U1.+&.,2, +,.’).,2, ,6U’$%.’.%4
H3’(’.&,8 /,3<"32’60?.

D,+"-%&’, )&, /,3<"32’60" 8 .,8,( *(?*3’ 4834’&*4 /,3<+,3A>,(, ., ,60"&.,’ .’ 8*’2$"
8’0.,. V834’&*4 3% /,3<"32’60" 8 ."9’( (*&"0,() *(?*3’ /,3<"32’60,# 8 .,8,( *(?*3’? T
.",6,0,&?

4.4. D0%8’$%&’ /0%(’0 +,3A>", .’ 48341C’2,*4 "32’60,#; φ-+,3A>", .’ 48341C’2,*4 φ-"32’60,#.

4.5. W16,’ φ-+,3A>, 4834’&*4 ⇁-+,3A>,(. J60"&.,’ 8’0., $34 φ- % ⇁- "32’60, ., .’ $34 φ- % ⇁-
+,3’>.

4.6. J/%9%&’ φ-+,3A>, % φ-"32’60<, /,0,-$=..?’ ,$.,&,)’).?(% /,$(.,-’*&8"(% /04(,#.

4.7. F34 8*4+,2, H3’(’.&" %; /,0,-$=..,2, +,3A>" R(X ) ."#$=&*4 +,.’).,’ /,+0?&%’ H3’(’.-
&"(% %; X .

4.8. L*3% *%*&’(" X .’ 6,3’’ )’( *)=&.", &, % ."%(’.A9’’ +,3A>, R(X ) .’ 6,3’’ )’( *)=&.,.

4.9. W16,# H3’(’.& /,0,-$=..,2, φ-+,3A>" φ(X ) 3’-%& 8 $0<2,( /,0,-$=..,( φ-+,3A>’ φ(Y)
$34 .’+,&,0,2, .’ 6,3’’ )’( *)=&.,2, /,$*’(’#*&8" Y ↑ X .

4.10. F34 *%*&’(? X * ’$%.%>’# % /0,%;8,3A.,2, B ,6,;.")%( X ≃ B := {X ≃ B : X → X}.
P,2$" $34 /,0,-$=..?: φ-"32’60 8?/,3.4’&*4

φ(X ≃B) = φ(X ) ≃B.

4.11. O,C.,*&A 316,# +,.’).,# φ-"32’60? 4834’&*4 *&’/’.A1 $8,#+%.

4.12. L*3% φ-"32’60" 6’*+,.’).", &, ,." .’*)=&.".
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