
Lecture notes in Probability Theory

By Carlos Buitrago

Moscow Institute of Physics and Technology

These notes contain the most important definitions and theorems which are
discussed in my course in Probability Theory that I teach at Moscow Institute
of Physics and Technology (MIPT). This Course is based, almost completely,
on the lectures in Probability theory and Measure theory taught in the Russian
program in Computer Science at the Department of Applied Mathematics and
Informatics in MIPT. The aim of these notes is to help my students to better
understand the structure of this course. This text and all the material of my
lectures is available in my personal page jcbuitrago.com. Please contact me if
you spot any mistake.
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Part 1 - Discrete Probability

Basics of Combinatorics

Withrepetition withoutrepetition

Combinations HEY E
Permutations n Ii

BinomialTheorem HneZ Ixtyl ÉgE xkynk
Mainidetities

a I Ir

II ng
o y't they

101 nm I ftp3 t t E
14 f 1 t I From 101 Weget

16.1 Efi ninth2
141 f 1 t t 11 2 16.27 E E ninth ants6

Multinomial Theorem at XK E
IIIIn

na x xn

InclusionExclusionPrinciple As an objects as anproperties

N Ai ofobjectsforwhichproperty diholds

Mla ofobjectsforwhichproperty di doesnthold

N di di N Ndel Nian tN an.at tnldns.hn Nldsdad a Nlds hn
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Probability Space R F P

A probabilityspace convitsof three
elements

1 A samplespace I which is theset ofallpossible
outcomes

127Asetof events F whichis a Zalgebra onthevet r

131Aprobability measure P which is a function thatavigns a numberbetween 0and I toeachevent

Def Zalgebra A balgebra F ons in a collectionofoubretsof s i.e Fez sit it satisfies
the following conditions

lil REF
121AEF AEF
BI AnngeF YIAnt f

DefProbability Measure Aprobability measureP on ameasurable space rt is a function

P F 0,1 forwhichthefollowingconditions hold

H Pla L

121 AnE eFAHi j AirAjO P Egan EgPlAnl

Properties of theProbability MeasureP

H PA 1PIA 141PLAUBI PIATPCBI PIAMBI

121AEB P IBIA PIBI PIA 151Continuity AscArc P E An findPlan
31HEB PIAEPIB AsJAP P ATAn himPAn

Clowoical Model in R finite I was Wn Int n
121 F 21
131 Hi PKwill L
Then HA F PLA II

Proposition If Rex or
countable and F 21 then it isenough to define HiPlew inorder

to define PLA HAFF 4



Bernoulli Scheme KEN D Xs Xx Xie10,13 121 2 Pe10,1

P w la xp p
Eti np

h E

Uvually we areintereuted in thenumber ofvoiceover in n trials P Eixi m nm pmapin
m

Notice thatErPla Io nmpmapm pthpi 1

Geometric Probability RcRd Mlr 20 F Aer dial a Pla MIA
Mcr

ExampleBoththebusandyougettothebusstopat random between 12pmand1pm Whenthe
bus arrived itwaits for 15mins before leavingWhenyouarriveyouwaitfor 15minsbefore
leaving if the bus doesn't comeWhat is theprobability thatyou witchthebus

1

Solution PLA 12 6 A

o n s

TheoremProbabilisticPrincipleofInclusionExilwion AsAs Anf f then

P QAi PlAi Eg AiAi t 12 P As An

Lemma AsAs Anef then P QAi EyPlAi

Conditional Probability A B F PIB 0 thentheprobabilityof AundertheconditionB

is givenby PCA B PHIT A
B
r

Theorem MultiplicationTheorem As Anef s t PLA AK 0 Hktht in then

P As An PAsPAzlan P AnAs Ane

It's natural to thinkthat if Aand B were independent events then P AIB PA

Def Independenceof events ABet Aand B are called independent AIB if PIAB PIAPIB 5



Proposition AIB AIB

Def Pairwise Independence As Anarecalled pairwise independent if It itj AilAj
DefMutual Independence As Anare called mutually independent if H Ie t n

PIAAi IIPAi
Notice thathereweneedtoverify Ey1 2 n t equalities

DefPartition Acollection of
events Bang is called apartitionof R if the followingholds

11 Hi j BinBj p
KILI Bi r ITI r

TheoremTotalProbabilityFormula Let Bin be a partitionofSh s t Hi PlBil o

I Then H Atf Pla É PAlBn P Bn
Theorem BayesFormula Let Bing be a partitionofSh s t Hi PlBil o Let Atfbe v t PIA O Then

P Bn A PAIBn PBn

EhPCABnPBn

Random Variables

Def Borel Zalgebra The Borel f algebra 334121 is thesmallest Zalgebra containingall opensetsofIR

Def Measurable function Consider themeasurable upaced r Fl and R 331112 Afunction D IR
is said to bemeasurable if ItBegan it holdo that

5 B W er SHEB EF

DefRandomVariable Anymeasurable funition on ohFP is known as a randomvariable

Let X denote thevetofallpossible
values
of5

If X finite or countablethen we will a discrete random Variable 6



DefProbabilityDistribution We call a probability distributionany probability manure on 1112,73414

Noticethat P 334121 0,1

If FX countable or finite sit Pix 1 then P is called a DiscreteProbability Distribution

DefProb DistributionofS The probability
distribution

of a
randomvariable is the prob

measure Pg in IR33hr11 generatedby That in

H Be33412 IP B P w w EB3 P SEB

When is diverete wemay use thePMFProb Motor Function of 3 to
completely describe

ito probability diotubotion

ThePMFof ps is a function thatgives the probability that 5 in equal tocome
value

Let Xg xx thenpg IR 0,1 s t Hx X PXK PKXk
HXK X P17 0

Wewillwrite p xx P S Xk Noticethat 1P SXK 1

Def IndependenceofDiverete
RandomVariables 5andhave willed independent v.v 512 if

HartX andHy eXy it hold that P S XkKy P 5XkPlay
Similarly as we didforevents we candefine mutualandpairwiseindependencefor avetof33random

variables

Examples ofDiscreteDistributions

1 UniformDistributionUx X finite AxeX P x

121Bernoulli DistributionBerp p lol 4 10,13 Plot tp Pli p
3 Binomial Distribution BinInp petal neN X 40,1 in PCH f pkgpink
14 Geometric DiotributionGeomp petal X N PIK Hp p
151PolovonDiotributionPowat X0 X N0103 PIK TEE

Theorem Poison LimitTheorem 5 Binhip pre x o ThenHkeNolo Plsk XE
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Convolution ofDiverete DistributionsLet ybedivereteindependentrandomvariablesThen

P Sta k IEP Si PEEK i

Examples 11 nBinhpl nuBinm.pl Then 5th Binntmp
1215 Powai q Poisha

Then thaPowlatte

Numerical Characteristics of
Random Variables

DefExpectedValueofa
Discretev.v TheExpectedvalueof a discreterandomvariable E3 isgivenby

ESTESLAPlay iftheseriesabsolutelyconverged otherwiseit'snotdefined

Properties of Expectation DivereteCarel

111 Elastb aEStb abeR 141GER ESEEn
121Let X xxÉ1 then E5 IgxxPlsxx 1st IES e E51

3 Let 415 IR IR Then E4151 EEUHHPLEX 161SHI ESTESEn

Def Varianceof a
randomVariable Vars E SEst

Properties of
Variance

MHar E 2 Es

121Yar530 Moreover Yar5 0 Plsconst 1

3 Hav astb a lars abElk

Examples

11 S U 4 h E3 htt Varg ht1 n s 141SnGeomp E3 p1 vars II12
151 nPoloal E5 7 Vav X

213nBerpl ES p Yar5 plpl
131 BinCnpl EshpYar nplpl
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Def covariance Thecovariance betweentwo random variables and h is ameasurethe linearindependence
oftheretworandomvariabled It isgivenby

CoutsR El3 Es 2End
Propertiesof

Covariance

HWvIsRFESRESEn
121Cov15in Cov 2s 151coulas tbh y acov a.nl tbark n
g g g g p

Proposition Yar satEat t n Egor EiSj

Def
correlation Coefficient Corr sin cousin

Vvargruary
Where P S const L

Theorem Icorrs.nl El
Proposition If Cour 5,41 11 then andy are linearly dependent eachother

Binomial RandomGraphGimp

Consider avet 1,2 n of n
verticesWithprobabilityp we

drawanedge ineverypossiblepairofvertices

LetGbea fixedgraph in n vertiewwith IE1911edge

Then Plainpl g p
E's appl

E

Onthe other hand
p amp hasmedges M pmapl

Let bethenumberof triangles in Genip Then E3 B p

Important Inequalities

Markov's Inequality Let370E30 a o ThenPls a EEf
Chebyshev'sInequality Let5best 3Vars a oThenP 15Est a eYaf
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CouchyBunyakovsky Inequality ESHEVESET

Weak Lawof Large
Numbers Chebyshev'sForm Let a a be i i d r v s t EseaYar1 8

Let on at n ThenHeo Pl E al e 0 ar n ta

GeneralFormofWLLN LetSaSa be r t Hitj coulsi4.1 0 and FCERsitHillark.EC
Then I win too P on Eon inwin 0 as n to

RandomWalk

a i id r v 80 0 On at t n

B On he213 randomwalk in IR

If it 1,2
then wehave a wimplesymmetric randomwalk

Trajectory onIwl neat wer

Main Revolts

11 P On K YE if htkevenotherwisePlunk0

14Plo 0 Snno on K It s II
2h

13 MnMyOk PMn x E2POn x

141Xn Kea n 8 0 EXn IT EH

151 himP Sato Santo Idan

14 Mnmy OK P Mn N Hut II
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De Moine Laplace LimitTheorem

Local Theorem Let XnBinkpl 414 0 rt Then

Sup Pla K

FIJIgin Gimpye Enna
I so ar n to

IntegralTheoremLet XnBinnplThen

day PlaYj b It e dx so as n to
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                                            Part 2 - Continuous Distributions








































































































We need to remember
frompart1 thefollowing concepts

1 Probability Space r F P

Def balgebra A balgebra F on R is a collection ofsubvetoof a lie Fez it it rationed
the following conditions

IN REF
KIHeF AEF
14LANNIEF LIANEF

DefProbability MeasureipA gaffingmeasureP on a
measurable space rt is a function

µ pg
forwhichthefollowingconditions hold

It An eFAHit AirAjO P EAn SEPIA

Properties of theProbability
MeasureP

H PA 1PIA 141PMOBI PIA PAI PlanB
121AtB PIBIA PH PIA HContinuity AscAac P E An himPlan
31HEB PIAEPIB ADA P EAn himPAn
Def Borel Zalgebra The Borel f algebra 3344 is thesmallest balgebra containingall opensetsofR

DefProbabilityDistribution We call a probability distributionany probability manure on CRBR

Noticethat IP 3344 0,1

If DX countable or finite sit PIN 1 then P is called a DiscreteProbability Distribution

Def Cumulative DistributionFunction theCDFof aprobabilitydistributioniv a fundon F R 0,13

defined as AxeR F x P tox

Proposition If PaandPa have thesameCDF then Pak

12






































































































































Properties of theCDF 111FIN is nondecreasing 11

H III 0 IMI s

131FM is rightcontinuous thatis him.IMFM

II 111 If Xy then Fly Fix Play box P toy to x2 p ixy O

K
11.4 mage

s
then fit Flan fit Pll a a P on tax p R 1

andtendsto too

Xnd o then first Fla fig IP taxa IP Atooxn P 01 0

131XndXo then kingFlin fit IP l o xD P f to xn P f 0 x F Xo
pg

Proposition Every function Fix ratiofying conditions 1 2 3 correspond totheCDFof some
probability distribution

Thereare 3 typesofprobability
distributions n Diverete

121Singular distribution onanuncountablesetofLebesguemeasureze
theprobabilityofeachpointinthatvetinzero

137Absolutely
qEntifishntor

diotribution CDFisthedevil'sstaircase

and anydiotribution canbe decomposedinto a mixtureofthere 3 typed

Diverete Distributions

If DX countable or finite sit PIN 1 then P is called a DiscreteProbability Distribution

It's CDF is defined as Fly gpix
wherepix PMF ofthedistribution

Examples ofCDFof
Discrete Distributions

a Berpl X 0,13 Plot tp IpiPlat p I
I

121U x Xfinite AxeX PKN41 É
I 42 Is 44 13






































































































































Absolutely ContinuousDistributions

A probability distribution is called absolutely continuous if I p R IRt o t HXER Flafpadt
Wewillpit the ProbabilityDensity Function PDF of thedistribution

In thiscave Fox is an absolutelycontinuous function

Remark F x IP tax IP so incavewecanreplacethinLebergueintegralovermeasure IPby
theRiemannintegralbyadding afunctionpit wesay thatIP
iv absolutely continuous relativetotheclawical LebergueMeasureX

Properties of thePDF n If Fix in differentiablethen Fix ptxt

1211 1 1

131HB 331112 PlB PHdt

II 11 Let pix ly ThenIf itdt Flx Ff a Flat
a

121 1pctdt first Spitdt fig Fix L pg

Proposition If pR Rt in vt pitIt 1 then I distribution IP v t p in its PDF

II since we know thateveryprobability distribution is definedbya single CDFthen it'senough to
show thatfor every PDF correspond a single CDF Noticethat FixtEpitldt is uniquely defined

We are left to showthe Fix1fttidt is indeed a CDF Exergy
Examplesof Abuolutely

ContinuousDiotributiono

111UniformDistribution in Carb Ullaby

pix 1a I xeca.by FM adf.fi
aixeb

1 x b

11PM IF

I bk I d b I 14






































































































































121ExponentialDistributionwithparameter x 0 Exp x

pix Xe I x O FM l e I x o

If
next

I

3 Normal Distributionwithparameters aer and820 Nfa84

pix dye FIX Adt

NPM IFM

Kafat
Theutandard Normal distribution Noil is an importantspecialcase
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Probability Distribution in An

R R F 334124 IP probability distribution inMn

73Rn 3 Bax xBn Bit334121 3 1 0 X x xtooXn Xs he1123

DefCDF inRn A function F IR Oil is called theCDF of IP if xp intern

F Xs a P tax x xf o.tn

Proposition If Fifa thenIPsPz
Properties of theCDFinMn 1 Let Dia Fla tn F1xs xi sbXity Xn F1xs xi s aXite Xn

ThenHapba antbn Daib Onanb Fla Xn70

14
ftp.tgf a

xnl 1 Hiftp.afxs xnl o

3 I II au k to lieHiett in Xi'dXi thenftp.oFIFHFIX
I lal It's only necessary to show that Daib AhanbnFla tn IPlanbilx xlan.bn7

since we know that IP ambi x x anbn 0

Lets do it for n2 Thegeneral conewillfollow byinduction

AdibDiab Fla X Daib Flybe F Xna Laib ext I oa

Daib P tooxisxlaz.ba 1P tobDxlanbz3 Pftoaisxlas.bz7

P lamb xlar.ba 0

Ib1X's400,224 0 Xn't to then

fig F Xi at fiyo1Ptoo xiTx xfo.xnt3 1P Qtoo xi7x xtooat P Rn 1

b2 Let Xid o then fineFIX x tn IP ffo.xi3x xtooxn3 IP07 0
Ie Similar to the cave on IR

FA 16






































































































































PropositionAnyfunctionwithpropertied 111,121and it is theCDFofsome probability distributionIPin IR

Def Marginal Distribution Let IPbe a distribution in R ist in BE334127Wecallthefollowing
function a marginaldistribution

Pi B P KEYBikini

Def Independenceof
Distributions Let 1Pa Pnbe the marginal diotributionsof IPDistributionIPs Pnarecalled independent if By Bn E33417

Pla Bn P

teen aged
IPB xRm IPRxBax112 PsBaPeBa Pn1B

Similarly Marginal CDFs Fs Fn arecalled independent if Ha theR

Ffa a P too xox x too xn Ps taxi Pn tooXn Fala Fnla

If Pa Pn are discrete distributions in IR then IP Pax xPn is a discretedistribution in IR
In this way if Xi finitefor

countablesetofpossible
valuer
ofPi then X tax xXu finite

or countable to thesetofpossible
values
of IP

Absolutely ContinuousDistributions in IR

A probability distribution IP in R is called absolutelycontinuous if I p IR Rt sit
Xs XnH 14 a ER

Fla xn pft tndts idtn
a a

PropositionLet 1Pa Pnbeabsolutely continuousdistribution in IRwithPDFsPs pnThen
IP Pax xPn is anabsolutely continuousdistribution in IRwithPDFpits tn Pelti pnltnl

I Let pits tn patti putty Let'sshow that pits itn is indeed thePDFof IP

1 Ite tndts dtngfpItildts IpItnldtn Fjxi Fn xn Fix tn

Fubini'sthWegetiteratedintegral TA

Properties of thePDF 1 It Be7311124 IP B pit taldt dtn
B

2 If Hken IF then pix int og out 17






































































































































13Let pR IRt beset pits tndts dtn 1 then p isthePDFofsomeIP

Random Elements

It's moreconvenient to dealwith random variables anditsvalues thanwithdistributions

Def let R FP bea probabilityupaceand I 2 a measurablespace Then is called
a f12 measurable function if HAEE 3 AltF Indeed if
111 I E IR 3311127 then3 in a randomvariable
121 E E Rn3311124 then in a randomvector

Def f algebrageneratedby5 F 54137 Be33421 of

Proposition t is a falgebra
I 41 54RYe F
2 LetAef IBe9311124 5413 A 5 54B et
31Let AIAz EF F BaBa E334124 Ai 5 Bil UAi U5 Bi 54UBile f

ITE

Def Borelfunction f R IR is called a Bovetfunction if f is
3391271331127 memorable

Proposition If f is a
continuousfunitionthen f is a Borelfunition

PropositionLet bea n dimensional randomvector Let f R R be a Borelfunction
Then fly in a kdimensional randomvector

I We need to show that itBe33arm fistTBIe F
X

pir IR
fist B 5 EGLet fist measurable

17

Proposition Let 5bea ndimensional randomvectorLety D lit Then y is f 73412kt measurable iff
If IR IR v t f in aBorelfunitionand 1 1 5

D E Let gifts Then HBe93R1 n B 54kGBPEfg
Thispartoftheproof is beyond thescopeofthiscurve FI
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TheoremMeowurability CriterionLet I 2 a measurablespaceLet3 r I Let EE2 be s t 81E L
Then 5 is It El memorable IffHAEE 54AEF

I E Trivial

I Let T As I AleF It's giventhatEe'T If T is a balgebra then 614 2 7
Let's showthat it is indeed a Zalgebra1 I ET since 5 E ref

21Ae'T 54AEF andsince54A STAIEF AEF

31AsAz ET 54Ailet andsince VA 054AMEF UAie't
17

Proposition 52 n in a randomvector if 31 n are
random variable

I H iela n Be334121 571131 5 Biggie
f f

E Considerthesetofparallelepipeds E Bix xBn Bie33111213 814 934127

Dueto theMemorability Criterion it's enough toverify that HAE 5 Alef

A Bax xBn 5 Bex xBn EEEn 155131et y

Corollary If 5and y are random variables then 5th SR 325harerandomvariables

I 3 y randomvariables 15,21randomvector f 15,21 5thrandomvariablelance f Borelfunction

Corollary LetSaSa be asequenceof
randomvariables definedinthesameprobabilityspace

Then Mfnsn SupnEn figsn find n arerandom variables

Proposition Let 5be a n dimensionalrandomvectorLet Pg3311124 0,13be afunition s t IP B P SEB
Then IB is a probabilitydistribution in IR

1 P1112 P seRn L

21 Bi ITe 331112 s t Hitj BinBj 01 PgUBi P 5 UBi PugifBI.fm P54Bi7 EIBlB

FA
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We callIP the probability distribution of and F x1 P tax the CDFof5 Noticethat
FgIx P Ex

If 1B is discrete absolutely continuous then wecall 5 diverete abvolutely continuous

If p inthePDFofB thep is calledthePDFof5

Independence ofRandom
lectors

DefLet 3,5 be randomvectorsof
dimensions haha respectivelyWe saythatSaandSa are

independent if HBef
3311124 Bat3311122 P13 tBa 52fB2 PEstBaPls EBa Or

In other wordu 52152 if F IF
DefMutualIndependence Let 2 be avetof

randomvectors notnecessarilyofthesame
dimension

These random vector from I are called independent mutually if HneIN

It distinct5s ne E PSeeBa 3nFBn PsatBal PSnfBnl
ItBag Bnlotrespectivedimensions

Theorem Criterion for
Independenceofv.v Random variables vectors 3s En areindependent iff

H Xs tnelRnfxeelRkg xneiRkn itholds that

Is snXrs sXn 5.1xs Enixn

PropositionLet 5s 5kbe independentrandomvectorsLet fs f be Borel funtonsof.fi R IR
where hi tothedimension ofvector i Then f s h are independent randomvectors

I Bse331112m But331112mF

Plf Si eBas falseeBk P Steffy SeefÉ B P net Bst PKKefilth

Pff 4 Be P frBileBr Fk

LemmonLet 5s n be independentrandomvariableswithPDFsPs pmThen 3s n
in an abvolutelycontinuousrandomvectorwithPDF p as xn ptxt paint

I If thestatementofthe Lemma is truethen we shouldget

1 fi ty tnldts dtn tia g ti Xn

Indeed

I fpit tndts dtnfltnldts fpltnldtn
Fn1xnl Fnlxnl tTe sn x1 Xn

o TH 20






































































































































Theorem Convolution'sFormula Let 5,152 ThenFats x ÉxuldB Aua upecialwire if a

are absolutely continuous thenPats x ftp.lxulpyluldu 13
I Ftalk PSets ex ftp.syluiridudrfpglulps.ividudu II

tulps.ividudr
ftp.lalfs.lxuldu

UtVEX UtVEX

to

If 5,5 areabsolutely continuous then Fats11 1 14 E lxuldu petsM Ps14pslxuldu
o

I

DefConsider thevet I Let Eez be asetof
subsets

of I
He will E a itgutem if HABE E ARB EWe call E a t system if DI.EE

21ABEE st AEB then BIAEE
31If AnTA AiEE then AEE

Lemma Let Ebe a t systemThen 8 E X E

21






































































































































Theorem Criterion for
Independenceofv.v Random variables vectors 3s n areindependent iff

H Xs saleRn here here itholds that

Is snXss sXn 5.1xs EnixnII Trivial

Let'sprove it wing induction Let'sprove that

ItBE3311121 HXz xnER P S FB 522 2 neXn P SFB PEssex P15nsxn 1

Let 2 Be3342 s t statement it holds It's giventhat2011 0 x xer itoyotem

If E Xsystem 20 110133 2 118133 931112 andtheproofwillbecompleted

Let's show that E Xsystem

1 IRE since P Seek 5 ex nextIt Isex g ex nex t
d

E fyyP
ex Platen

I P EX PSnkXn

2 ABe I AeB P S EBut 52172 SheXn PSEB EntXn P fit nexn

PSAB Plata PKFA PBnexn

PSeeBIA PlSaka PknExn BIAe I

3 AkMA AKEE PSEA Exa ntxn figP EAR524 2 next

ftp.at5seAk PKnexn

P SnfA PIsntXn AEE

Induction StepLet ItBe Bme3311121 and ItXmte her hold thefollowingproperty

P SFBI 5mfBm meExmts SnlXml P EntBa PSmeBmtPlasmaExmts PlaneXn 2
Let'sprovethatproperty 121alsoholds for moms

E BEBIR HB Bente Hamas Xu property 12 holds It remainstoprovethat I asystem

We proceed analogously totheproofofthebaseofinduction I 22






































































































































DefExpectedValue The expectedvalueof a
random variable 5 definedin forFP wgivenbythe Lebesgue

integral of w overtheprobability measureP

E3 dP

1 If Sir diverete then E3 EyxPl x
12 If 5 is absolutelycontinuousthenE3 xp xdx

IR

5 5 5 where Stmoix15,03 5 max 3,03 Then ES Est E5 If both EstEs co then
E O If Estao andES to then E5 0 If Est R and E5 0 then Esto If Est E5 to
then ESdoeunitexist

Example ESdoesn'texist 1 5 discrete Pl511 k 211403dineEj II theneye
ThenHke211103 Pls K

p K

Est 79,1 0 ES ES doesntexist

25 absolutelycontinuousPsx 1111131 then Est1 dx ta Es Esdown'texist

Propertiesof Expectation
I CAR ES C 151 If JES HAEF F E SIA

If E3 a HAtf IESIA ko
2 5 0 E3 0
Moreover E5 0 P1501 1 16 HasIR Elastb aEstb

3 331 Eg Ey 171Let IES Enka If HAEF ESIALEIRIA then
P Sen L

4 ESfinite IES EE S 181312 E3EESEn
I 14 131 5451 EHDEESEEN e EISKESEEK IESleElst

5 If IES then eitherEsto orEsLa LetEstao Then 0 5 Iast EXIDEEst
ESInt EstIaLA Similar forE3 co

171Let B w lolhim e f Bytheproperty's conditions it holds that ESIBEERIB Then

07EIBEYIBET.io E SR113 0 andvinee SR11370 P 1541113 0 1 Play 1
181 ESyfydpis.pt xydBdPy fxdPsfydPn EsEy

R IR 23






































































































































Theorem Dominated ConvergenceTheorem Let yo Ena LetHn 13mer Therefore if
PSn 5 L then E n E3

Theorem Onthechangeofvariable Let5be arandom variablevector s t JES Let4 112IR beaBorel

functionThen E4131414dB
IR

I 1 Let'sstartwithsimplefunctions 411 In Bl B33414

E4151 EI SEBI PlaBI1dBMIlaBldB U xdB

21411 JjCjI xeBj1 Bj3311121 Hjk IlxtBjl
E415 EFICjYjx JjCjEYHI EyCjftp.kldpg EyCjUjadB UltdB

IR

31470 FsimpleUn0 Sit UntY

EY5 I fit
Eun1st himUnixdB 4caldB

Lebygfat.net9ra1

41Consider anarbitraryY Let 4 9 9 where Ytmax14,03 4 mon 4,03

Ells E14151 t E 4141 EatH EYY 4thdB 14hides114 41dB pride
IR
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Expectation and Variance ofrome absolutely
continuous distributions

11S U cab E3 bye Vav5 161
1215 ExpX E I Yar I
3 nV19.24 E3 a Yar5 22

1413 Gamma a X E3 E liar's where p XIIe I x o Nat IFe tdt
2,7 0 o

151 3 Betolapl EsEp Yar 43
9130 Kappaapt

WherePs4 X 1 x 11314137 4 Heidt
BKill

16 LaplacefuOI ES M Yar5 202 wherepix e
0 0

7 leggy101 ES
doesn'texit wherePrix toy

PropositionLet ap o If Els ka thenEls so
I Elst lx dB flxpdpsfixipd.BE 1dPgtfix1BdBtfdBt ixidPeldestMdp Ltext a

1111 11 I miss txt I 1141 INL IR IR TH

Markov'sInequality Let520,90 EscoThenPlsat Eat
I
375115at a Ils a ES E laIlsall APIs a Pls aEEE

Jensen's Inequality Let theBorelfunction gixbeconvex downward and E31 0 Then g E3 EEg s

IFI Hx IR FataleIR Hxergot glad that xXo Let 4 5 x E's Therefore

go gEsttales SEs Egly E gies XESSEst
GLESHELXESTIEST Egggley

Notice that Yar's Es 1513,0 Es s
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Convergence of
RandomVariables

Let In be a sequenceofrandom
variables Let 5bea randomvariable

111AmootSure Convergence n is saidtoconvergealmostsurely to 5 n93 if
P Lw nlw 54131 1 as n o

Example D 0,1 F 3311121110,1 IPClavical LebesguemeasureLet Snlw wtw Hwer and n1,2
ThenSn55 nucoil
Wecandefine w w WehaveSulu wtw w Stw Hwto11NoticethatEnlil241 5111butPKD0

12 Convergence in Probability n is saidto converge in probability to 5 Snes if
He0 P Lw Saw wI e 0 as no

ExampleSunExpn 450

131Convergence inDiutribution n is saidto convergein distributionto 5 gt3 if
HfR R bounded and continuous itholdsthatEfSn Effi as no

Theorem Alexandrov'sTheorem n 5 HBeBart11310130 1B1B sB1B
HeeIRF is continuous in x Enix oftxt

ExampleSnuBinn hot Then ntyposa

4 Convergence in Mean LetpasEn is saidto converge inmeanfor inLp to 5 Gn 3 if
ESnS

P
so ar n so

ExampleSnUCoMn ThenSn 0

Theorem
9.0

IP d

Lp

II 111 as P Let P Sn 5 L A w nlwl 5cal w He0 In Hk n IE Ske

He w In Hk n IE tee A Plae L

Bn w155cel Bn wHk n 1451Ee

He0 He LBn PTÉIPOnBn firstPlen 1 ftp.PIBn 1 fimaPkw15ns1se3 0
Threwing 26






































































































































2 Lp P Let Elsa5150 Then P Isn51elfP
15nsBet sEls I o

3 P d Let Heo Pf n s e 0 Let fbecontinuousand
boundedItc Flac

Weneed EfSn Efts

Fact 1 Consider N P 151MEGo
Let'sdhowwhysuchNexists Let In Illskn5 Noticethat In 95 thenEnts
Therefore Pl1551 E 0 So Plew 1551e PLw1st n 0

Fact 2 In theinterval 2111,2N fix isabsolutely continuous since f is continuous andthen

78OcdN ot HxyeE2N2N that lxglad it holdsthat Ifixflyk go
Fact 3 Since 5nF then INaHhsMaP 15 5170 E foe

Nowlet's introduce thefollowing partitionof R A I 1stN

Ha I listenIsn515

As I 15eN 15 51 8

Let'sproceed Leth Me then IEftsnl EfIsl IEfknfist E Eflatfist

ElegistArtemisAs teh Ast

LCP ISIN 2CPIsn518 tf k 2C fo the Ioc tf c E pg

27






































































































































Nowlet'shavesomeexamples toshow that it'snotpossibletodrawmorearrows in thestatementofthetheorem

Example 1 d p
Consider thesequence SaSa St 5155 and P 5 1 P5 11 21 Let 5 51thenFg Fg
Therefore Ents but P 15Snl 1 L meaning that n s 1

t

t t s

Example2 as Lp

1 6,1 F 7311127710,13 IPclavical Lebesguemeasure Let n 2 I 0,41

81 5 Then En O sinceHwa10,1 In Anon Sntwl 0
NoticethatPkw nlwl03 P1031 0

I se
o p g g g

Ontheotherhand Elsa01 Elsa1271 to meaning that n O

Example 3 Lp as

1 16,11 IPdowical Lebesguemeasure Let 5 I 0,11 52 1 1,1 53 110,4
Then ESn PSnes 0 that is Sn 0

But Itwer f infinitelymany ns.t 5nlw 1 therefore n90
I infinitelymany ns.t.snw1 0

Example4 P as P Lp 8 3
Let's combine examples 2 and 3 1 16,11 Pclavical Lebesguemeasure

itLet 51 21110,1121 52 221142,11 33 23110,441 j w k y
Then n O since He o P 15 01 e PSn 2n 0

But n Osince Itwer f infinitelymanyns.t.Snlw
const

F infinitelymanyns.t.snw1 0

But n40 since ES E2nPpSn24 2P 1
2 logan 2

2 I s to
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LimitTheorems

Theorem Poison LimitTheorem 5 Binhip pm x o ThenHkeNolo Plsk the
K

MoveLaplaceLocal Theorem Let XnBinkpl 414 0In Then

Sup Pla K
REZA A
lknpleyinlraitnpa.ptCYIMpi

I 90 as n to

MoveLaplaceIntegralTheoremLet XnBinnpl Then

day Plasknittersb fte dx so as n to

Weak Lawof Large
Numbers Chebyshev'sForm Let a a be i i d r v s t EseaYar1 8

Let on at n ThenHeo Pl E al e 0 ar n ta

GeneralFormofWLLN LetSaSa be r t Hi j couesi4.1 0 and FCERsitHillark.EC
Then I win too P on Eon inwin 0 as n to

Strong Law of LargeNumbers

Theorem 1 Kolmogorov's Let5s a bea sequenceofindependent random
variables it Hi Esico

Let therebepositivenumbersbn it bnto and Egg x Then

Sn ESn a.si O
bn

Theorem2 Kolmogorov's Let5,5 bea sequenceof i idv.v withEtsukoThen
OnEdn as 0
n

Theorem Central LimitTheorem Let5,32 be i idv.v withEsson liar516 Then

Sn na d
syn Malnot

Theorem LawoftheIteratedLogarithm Let nbea sequence of i i dv.v withE30 andE3 630Then

Phimarzantenent 1 L
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Conditional Expectation

DefLet 5be a randomvariable in S FP LetAtf st Pla o Thentheconditional expected
value of undertheconditionA is given by ElsA Effy

Let be a randomvariable in S FP Letgot be a subbalgebraof F Then the conditional
expectation E sG is a random variable in R Fpl o t

1 E SGI is Gmeasurable thatis HBe331112 w StateB EG
RIHAEG ESIA E E SG Ia

Proposition D HIBi Bi et 9 8 BaBa PlBi 0 Then E 5G ETEff I weBi

Proposition If ES 00 then E stg exists and it is uniquealmostsurely
Theorem RadonNiKody'mTheorem LetUbeanabsolutelycontinuousmeasurewitherespect toP Then I Palmostsurely

function fir IR gmeasurablesit Haeg UCH f dP
Def E S y ESFn

Properties of
Conditional Expectation

14 If in Fmeasurable then E 5 7 5

121 If FHG thenECSG ES
B If G cGa then E E1519 Ga EGg ELEKgalG

41E ESIG ES
5 If 5,12 almostsurely then E E f EE 5If almostsurely
161EGG the G GESIG tGESelf

H E151511 41319
181 If PSn 51 1 andHneN Snlen En o thenPlants EGg 1

9 If R is Gmeasurable then E52G LE 59

30



Let ybe a discrete randomvariable it Xn Yi j Then El n EgEGnyi Ilagil
where ES4Yi Effy Yi

Moreover if 5 is discrete thenEsky ExP tx agi

Conditional Probability Distribution

Let Yly E SRy be a Borelfunction IR IR s t HB 3342 E S I neB lydry

Proposition E 521 4191

Pep
Conditional Distribution IP B yy E IlseB Ny

Def ConditionalPDF If Ipanxly 112 SIR s t HBe33412 Pg B yg Pinlxlydx then

Pan in willed a conditional PPF

Proposition Let 15n be an absolutely continuous random vectorwithdensitypainixy Then I a
conditional

PDFof BBley and itw computed almostvuvely by

Psi xg 11191
Pablo

O Rly

PropositionLet f IR IRbeaBorelfunction s t EAS co If Ipan then E fattyfixPankydx
IR
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CharacteristicFunctions

Deflet be a randomvariableThenthe characteristic functionof3 4gIR sd is given by Y t Ee't

Deflet be a randomvectorThenthe characteristic functionof3 4gR se is given by Y t Ee
t

Propertiesof the
CharacteristicFunition

1 4,14 EI 4,101 1 4 Y It is uniformly continuousin IR
1214,14 4,14 151 SIR YanH UH4nA
3HEAR YHEIR I 5 lolYas H e'bty at

II 11 14All IEEst EEleist L

2 Usft Ee Ecorst itsinst 4th
131 F Let 4HERItter Then Y AkEé's 4 t Ecoost iErnst Ecorst

Us t ECoust
Therefore d s dueto uniqueness theorem

4 Let s t 5 ThenYg Ug Therefore Eleusttisinst E cost isinst Ernst0

4 Let t s Then 1414 41s Eeist Eeis Eesofeistd s Eleisoleistd s

iz t.at LYle
Lt Ele's't til Elatatynsity

EV cossitd s t lousiest EV2
20534g EEgin'ls1E7

E2finfyd

If t S O then It15kt o Hwer Sowecanwritethat Aof asso
therefore218in51101 90 thenbytheDominated ConvergenceTheorem weget E218m44d 0

Wecanconclude that Heo 70 0 sit if Itsks then E24inEd E

5 convolution Yank Ee tht Ee'stent E usttiringf counttisinnt
Efcorsteosytticoustonyttiringtcounttissingtrinnt

EcoostEcount ti EcoostermuttierinstECounttiErnst IEvinnt

Ee'steeth 4,144,14
32






















































6 Yas t Ee
lastbit Eeiasteibt eibty at

TheoremUniqueness Let5,1berandom vectorsThen 5th Yj Yy
Theorem onIndependence Randomvariables5s In areindependent 46 g

ta tn I4g.ltjtHts tnfR
I Let a snbe independent ThenYpg sn ite tn Eeilstst

tsntnl Eeisnti eisnthqgm1 to
Ee't eeisntn 4 lt Yalta tohniffion

Hts their let 46 salts tn I143j1tj
Consider therandom vector 1 n yn s t 2s Rn are independentand Hjnjtag
Randomvector y exits sincewecan construct the following CDF Fla Xn E lx Falin

andbyKolmogorov'sTheorem Fy sit Fits tn is itsCDF
Thenduetothefirstpartoftheproof weget42172 tn IMnjlxj 43Xj 46 sna it
and by Uniqueness theorem it follows ya rn 5s 5 Me Rnare independent F

Characteristic Function
of Some

Distributions

lilU 4 n3 4 e e't e
t

g plan 4 e etat
Tt

alBeryl Y t npltpe't 9 Gamma a x 4,144 if
131BinCnpl Y t fi ptpe.it

Laplacefu01 4,14 41141Geomp Y t Pelleity
p

1stPortal Y t exlet MCouchy o 4,14 0

16UCab Y e e'tb eita
itlbat

itExplal Yett It
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TheoremOntheseriesExpansion If El co thenHter Hren 7431 t and
1 E 4,1101

2 YH É II Es't it cult where 1Entt 235151 and EnCtl so art so

3 If 74,12 o andinfinitethen E ca

4 If Hna E 5th andfindElgin c o ThenHtItta Y t It Egr

Theorem InversionFormula 111Hab F is continuousinaandinb Flb flat time fÉit e
itby t dt

2 It Hildtoo thenFpga andpix1,1TittyHdt
Theorem Levy'sContinuityTheorem 1 If nd 5 then4,14 sYH Hter

12 If Yent sUk HttR Yis continuous inO Then75 s t n
d 5

and4144,14 HER

I 1 Yeah EggattiEight
where figcontinuousandbounds

SEV t t tErnst Y t Hten

F

Theorem CentralLimitTheorem Let5,32 be i idv.vwithEsson liar516 Then

Sn na d
syn Malnot

I Let 5 5 EE0 Yari1 ThenSEE felt thgal sit th

Young14 4sit ten14 1145,14114 E MEET ti E ES I TEST E

I In to E ehh Ent M e
to

s e t Ynet prions

Therefore by Levy'scontinuityTh Sapnad n
I34



WLLN Khinchin'sForm Let5s52 be a sequenceof i idv.v withEseaThen if a

YEH Usat ts t Ys t stiff es.to yIenaftitnt0ltllpiattoal eiat

where at4,4 and ya ao Thenby Levy'scontinuityth Idea Eta
1

INLIN SLLN

Thi Chebyshev'sForm ThsKolmogorov's
Let52,52 be iv.v ut HiEskoThen OngEdnPso Let51,52 be iv.v ut HiEskoLettherebepositive

numbersbnsit butto andE i x

ThenOnEonaso
Thalkhinchin'sForm
Let5is be iidv.v sit EkkaThen Et Es It beiidv.v sit EkkaThen sina.es

Theorem LawoftheIteratedLogarithm Let nbea sequence of i i dv.v withE3 0 andE3 630Then

PITI Inman 1

tasty

Vantnent 1El
SLLN Huntto Shawn so

Milla Huntto On P so
Unwn

Vanmatre
T In d rop

Vanenentlitel
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Gaussian Vectors

It is better todefine gaussianvectorsusingtheircharacteristic functionssincethedensityofthesevectors wnot
alwaysdefined Thishappens when E isnotinvertible

wnaea.inandseitan a

symmetricandpositive semidefinite matrix

Proposition S is a Gaussianrandomvector 7independentyes 2muncoil AeIR beR s t AM tb

I 11 2 Let'sconsider thecasewhen def840 so I is invertible in general ofcoursethisdoesn'talwayshold

Firstlet'sfindtherequiredYi

Y H Eers
te ficati 11245

Us

yay etest
tFeist

e
thatEpics Eek5 at Y alt

Nowwe mustconvert I intotheidentity matrix inorder toget e t
t't

Since det240 and I is symmetric and positive semidefinite then I CDC where

T is orthogonal CFC andD is diagonalmatrixwithoutzeros in thediagonal oncedef2 0 so I waitually
positivedefinite

Then

Et t LCDC t t CDCE I KIPVICHE VICT CTA Tt YACHTFDCt

Therefore

4alt etest e tact Usa vac t e tht Y t

Ewhen IreplaceitweobtaineEdits
where 244 and y ynareindependentwithMoil 36



Finally Yuki Y allred't Ee
s a t

Eegift
91st

Yu cha
t

That is

IIIa ty sat via y

1273 Antb LetXER

Then x 15 ATAntatb u N Tb EjTai
3 1 Let HAIR 7.5 Nlax85 Then

9,14 Ee Ypgp qian IE eitan Issa

where Ax E X5 a a and a E's Esn

byHar 7,5 Hav 7,5 t XnSnl WvXsat thenXi it t thSn EjXjXjCovEj ja
L EX X 30 so 2 is positivesemidefinite and I Wumatrix

F

Corollary A IES Esn iscalledthemeanvector and I inthecovariancematrixof
Proposition Let515 n bea Gaussianrandomvector 5s n areindependent CovGi j 0 Hitj
I If Hitj Cor si5,7 0 then I diagonalmatrix

yep pica
t 1 Et it giEast 212355 ygig

Xj fbij I
I yg y

Then 52 Enare independent random variables

If def240 thenforxelR thePDFof a r dimensional Gaussian vector todefined as
Pax pygmyexp fix ate ixall
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Convergence of random vectors

Let 5s52 be a random vectorwith k components

111AmootSure Convergence n is saidto convergealmostsurely to 5 n93 if
P Lw nlw 54131 1 as n o

2 Convergence in Probability n is saidto converge inprobabilityto 5 Snes if
He0 P Lw snlwl E.twze3 0 as no

3 Convergence in Mean LetpasEn is saidto converge inmeanfor inLp to 5 n s if
Elk 5 so au n so where11hslip Ig1stsit P

14Convergence inDiutribution n is saidto converge in distributionto 5 guts if
Hf Rtr bounded andcontinuous itholdsthatEfSn Effi as no

Theorem

Ip d

Lp

Proposition 111 Sn95 ni 3 Hie 1 k

121 Sn 5 n't Hie 1 k

BI Sn 5 ni s Hie 1 k

M Snd 5 nits Hie 1 k

Examplefor 4 Let 5,1be i idv.v Let En and Lynn't be v t n 3 andyarn them

Clearly Ents andhats but Isn.hn d 5,5 since actually Isn.nl
d
sin and

5,5 5,2 all valued for 5,9 areonthelineya whilefor sinthat'snotthecase

Theorem SLIMfor
vectors Let sasa be i idv.v v t theexpectationofallcomponents wfiniteand

ESEAThen
gtht n 9s a

Theorem Multidimensional CLT Let 51,52 be i id randomvector s t Eseaand Eir the
covariancematrixofSsThen

Sn na d yurlo EA
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