Lecture notes in Probability Theory

By Carlos Buitrago

Moscow Institute of Physics and Technology

These notes contain the most important definitions and theorems which are
discussed in my course in Probability Theory that I teach at Moscow Institute
of Physics and Technology (MIPT). This Course is based, almost completely,
on the lectures in Probability theory and Measure theory taught in the Russian
program in Computer Science at the Department of Applied Mathematics and
Informatics in MIPT. The aim of these notes is to help my students to better
understand the structure of this course. This text and all the material of my
lectures is available in my personal page jcbuitrago.com. Please contact me if
you spot any mistake.
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Part 1 - Discrete Probability
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Part 2 - Continuous Distributions
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Thon \f ageby, o aueby pn N Fla, 1) 0.

) km Flx, o x)-L N A Flx,.. x)=0.
'X._."*W ’Xt—-’—oo
s 9

0) TG 00 kmseo (1 Wiels, KH) bun Qi (7= 2)

O () T¥s Ow\\j Y\LQeswi‘] ko show ol B‘Ll«.““ ---[).v;mb“F(x«.,... %)= P q\ b x . x (aw, [_\)
Swee  We ke Ic\'\nk “7((0\«.\3@*--.X(&n.\oﬂ)>/0.
Lets do ik ot n=2. The 3muu e wil o ol \03 wducbon.

Do o FORY = A, [ Flr ) Flr00)) = B4 U) (o011 -e0,7) - P00 mx(oo,aﬂ)
=)

= g (Ploomade (o be7) = B{ o, b 0b) - P (om0 1)
= Pl(abidx (0 1) 20
(b)Xs Moo, witpeo, . Kitroo 5 khwn
Lm FlxE, %9 = dim IPU—ov,xﬂx...xK—ao.x:])zIPUL)(—m,xﬂx x&ooxh) P(R)-L

K100 Lt ®

(b2 Lek X¥-o0, lun D F(x! %, ) = P CootiTxxn, 13)= PIg)=0.

e

Q) S(W\\u\( L\: Yoy e on R
[z 16



/PWFN&OV\‘- P\“ﬁ jro\r\tl«m \)J'\L\'\ on()wl—\e.& (ﬂ,(ﬂ and G) s the (DE of Some Fm\oa\m\\\j Gis kv\kukto\r\ H> in Rﬂ_

D{I—(Mmf}ma\ D'\sh\bulctoroi LeE P be o diskibobion in R“j vely, .. n) , BePW)  We A\ ﬁ“\\“‘”"ﬁ
S»ON‘(‘LOY\ o W]Um\ distrbotion:

. (B>= PK“U X Bx ® xW\x.‘.'.x R)

Dq(lm\epwéem of @is‘m\oohov\s):\_ek B, Pobe Mo maqual diskdobons op P Diskabobions
.. B ae uldd m&zfudm{ i Y By B € B

(X me RN L Ry B R0 (R BA) - Pl R™) P(Rebur ) =R (ey) R(B) . -P,(By)

P —

Y i
S\m(\m\j, ijlm\ COFs Fy,.. Fu ove called \ndepondent if \JXL,...,xne\R

Fla, 1) Pllooxdn xleoo )= R (o) Pulleoo,n]) =Rl . R,

. T_§ B, Poae disuede diskibobions m R, bun P=Bx. xR s o disueke dishdobon 10 R™,

n &r\/\l& Woy |t XL— ( i\'t(v (nwh\o\{> Stk 0 m&\ug \Jaku@ R. 9‘\“\ X, X&X._.X Xv\—- \V\'\kc
v ‘WV‘*“\’\& \J Fo %t{““’r T’z&s\\ah vol us % VEY ¥ }

A\om\\)h\j (mklvwous 'Dié‘m\ouhom n \\L“

A 'PYO‘OQ\)\\(\'J A'\%‘n\nulmv\ P in Rt alld q‘adb’uklﬁ tonkinwous iJf 3 P=[R“—7R+ 5.k
\ (%, ..., %) e R

X L Xv\

F (m,.,.,xw):J-- jp (L, ke d b oAby

-0 - 00

?ro?oa(honz Lek, P be absalolly tonkinvous distibokons 1 R with PDEs .- Pn. Thin
P- Px.. xP. s an q\o\wloklﬂ ontinvoss Bskrbokon in RY wikh PDF ’P(h,_..,Ln):?«\‘c\)'..:?nuv\)

! \_Q{: 'PU&L,..,,JC“\ = F"(L\).M'P"(k")' LQ'(‘S thow Dnat 'P[Jm,...,‘ch\ S \V\l-&tl b PDE DJ__ P.

A K K

f ﬁ(h/,,_,kg da ...(lk“i ﬁ(&&ih-..:ﬁ&“\&n =F) Rk = Flry,. L %0
e 'FU\)\V\'I‘S th, W, y;of\uw\ak wkegral %
rPYO\W(LK& of e PDF. ('\)\} Be PR (P(B):JP(JUI___,J“)&JH...lk.\
B

@ T Yeen IFY . b (%, X = “O™
f 5 Shp ) e 17




(3) Lek % K'— Ry be st SFW'N'M by dbes i,kkm p is the PPF 0]’ Sume P
‘KV\

Rondom  F lemenks

T4 moe tonvenienk o deal wikh vandom vorables (uhl Lk ualucs) thon Witk dishebotions.

Dﬁ%" Let (L FP) be ‘Fm\oa\o\\i‘j spoce and (X ,Z> o measorable space. Than £ is @lled
a  (F1Z)-masowble fockon 15 VheZ TNF Tndeed, if

N kX,Z>= (\R,jﬁ“@) , town ; 1§ a randon varuble.
() (X,Z) = (&Y, B@Y), bwn § is a random vedor.

De{f(g—a\jc,bvq 32«\&&‘«@\ ‘vj §> 3:;[21(5\) BeBR)jcF
Ruvwhov\: 3; s a g-ﬂ\je\bva.
O i) Q= 5 (R e 3:?
Dlek heF, . IBeBR): $7()-h = R-2*(8)c
Dk Ak, €F,, 3 Bb, €BWR): hi=32(B) = Ohi = U g™@)= 5 (0B)e |
7]
Dep (Bowl }umL\w\\:}:lR“—*R“ is aled o Roel fockon  if Js (fB(R“)\ ’BL\R‘))-mmamL\c.
"Proﬂmsi kkon: IS— & s Q mv\kmuws SA}V\(\'(DI\l Wn f— is a Bm.\ }Uv\(Lwn.

PYO‘FWHDY\: Lek ¢ be a n-dimensona| vandom wiclor, [ek ji R'—R" be a Boel pondon.
Thgn ﬂ‘;} 1§ a K-Yimensiond vandom Vecker.

O 2 O S

n

B We ned Lo show b \/Beﬁ(w‘) (ﬂ?)} (B)e F,
S R

(H) " (®)= (@) eF > H6)- masonbe
€ PR 7

"PTOPOBKHDY\ ek 6 be o ndimensonal vondom Veckor. Lek 1: 1= R®, Than M s (}%\Tﬁ(k‘))—mm&m\o\b [ ff
aj—:‘R“——)RK sk. j- is o Boxel SA)V\(’(\OY\ and YL=J'—(§>

N (&) Lek \..&,@,w ¥ Be BWR) i) £(1w) e .
e PR
(=) Ths ?QVL o e Provg 18 baﬁ«mi L, Stope. of s (v, )
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“Thiorem (Mmmm\m\\\\j Gikron):| ek (X ,Z) o measorakle space. Lok §: L)X  Let € EZX be s4. 2(€)-7..
Thn € 45 (T\Z)-Wuwmb\c is ¥ hee (NeF.

D &) Tl
©) Lk T={Ac K 52 0e FY. Ths que bt €T Tp T o Baliebrn, b 2(9)=2.2T,
Lebs show Bk T s wded o Falgh ) KeT, smee $°(K)=SLeF
DAeT = 5 NeF and sine, $*F)= 57*(h) eF > ReF

Vi, €T 5 MeF ad Sne $7{UA)=UE(A)eF »UNeT,
7

Koposkon * $= (%, 30) 15 o vondom geckor i %o %n ore ondom vanabls.
D =) iely ), Bemp® 570§ (BB R )e F,
¢ B
<) Gnsde Yo sk of ’PQYQ“Q\CPIFCAS £=0Bux...x Ba, i@}, (€): Pw)
Due Jm b MU\B\Nuh\\\\j Ck'&u\on, IJ(‘S mou&\m ko \Iev(m bra V{\eﬁ %-L(A)“:T'.

A: BLX...XBV\ %-L('BAX..-XBVD = %-:-(Bl) ﬁ . [] g;!. (E)r;) > J:
eF EF 72!

waumj: I]— $ and N o vandom \lavm‘O\tS, g 5 %-YL, ‘yLJ ‘5/% ave vandom \avades-

H %Ivl/-raninm Vopables = (§,@~mniom Jechor > H(‘s,f@-—%ﬂk—vm\ém varble (sinee f-Buel Sf\)uc}torb ’

Cﬂ‘fo\kuvy L&L 25241... \oe Q 5(,3(\)«\((, 0[— mmlom \[anq\olcé Ae ercl in the Same on\m\oi\l‘j Space.
Then \V\j—“i,,\) S"P“ S ; Lim S, I}Fpﬂ%v\ ave vondom  \avubles.

’P‘fo?wkmw Lek ¢ he o n-dimtnsonal vandom veddor. Lek P, BR)— 011 be o fomkm o ELBFJP(\%B)_
Thon B 15 probabilly diskabokon 1 R

ul
L) P, (RY)- Plsew) -1

D (B e BR) s Vi B0B-¢ = P, (08 - P(5*(UBD)- P(USA(B) = ZP(5*(8)) -2k, (8)
von-{nkesechin
b )
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We wll P 4 ro\m\m\l diskuboton gy(mé F(x)=P ((—00.7(]) Me OOF o 2 Nobiee bhak
F?('XPP(?ZX), f \j i ’ ’ F

IF B s diseete kﬁ\)én\ukd} (onbinoaed Lo weall § Satede (cbaloley w“*"“‘”"s)

It p, s e P0Fop B bw Pyt aled bne POF o §,

Iv\&\)mc\cm o Rondom  Vetkors

Degi Lk 5,52 he  vandom \eclors of dimonsions s, g mf‘;ediuc\x. We  soy tat %y and % ave
ndepordart i N B¢ BEY), Bae BW@)  P50eBs, 92680 ) = P(5.68B) P(5.6%) . O,
mothe wods) §, 1S, it BLE,.

De &(Mukuq\ Tv\izw&mct}- Lek 2, be a sk of vandom Veckors (ot nu(a&unlj of the same iimms\on),
Thase vondom Veckors from 7., ae tlld iw&ew&m% (mukm\lli)’ i Ve N

{\} diskinek § o Sne 2 U P(g€B, . %.eBy)=P(3em) . P(3.¢Bn)
B, 5yBn (0[' ﬂs?{c\—l\)(, d{mmsms)

T\f\ﬂhwm Q,\’inCYmV\ X Xm\epmém oF vu. )t Random Vanables (\k&ovs) 2, %a are independent |
fo k s P ff
¥ (X, Xa)eR" (X, . nek’) tk holls ot

FK%H_”IMQXL,, LI =), ()

"PYD?G&\L\DW\_(JQ %L,,_,/ék be ‘\Y\‘\Q\DW\&U\L vondom veekors, Let J—L)___)J,K be Borel Foncbons ¢k .:\KN—’W:“.;
whee W 1 the dimension of welor §; . Than jl(‘ﬁ), ;J‘k@b are nde Pem&mk chlom Jtchors,

H e B0 |, Boe ™)

P(Hg‘)e&,”, F(5)eBi)=P (5 v‘;((@) .y S e (5 =Plsef®d) . Plaee [ o0)
e R

- (R0 P50 e o) 7

LCVnmq,:\_{-L. %L/__,/g,. be '\“AQ\JW\(\MJ: ‘mndovn \jana)o\ta wikh POFs PL).. .)\7“ T\'\b{\ (35..., %0
(§ an q\odo\O\t\j i Hngous mm\om Jekr with PDF P(XL,...,Xn§=\>L(KL)‘---'PnUv\).

u T¢ e shakompnt o Mo Lommo s ke, bun we should 3&‘:

e Xa (
- — o‘O'{\ K X\ th
L\iecij S . .Sp(h, A dbs . dky s Jp(wih o JFMJ&“ A ACARIR VA FL% Py )(x«, xh)
_so A . 3 @
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oo

MW‘\((‘U\\ID k\mﬁﬁrm{) Q} Lt ¢ _\L%L ?+§¢( x) = JF (x- u)JP As a &Pwa\ e, iF G0%
ove a\asnl \3 (mk\vmms \an \75 ﬁ J R (x-w) P%LU)AQ

NS,
f’°° X-u
I Fé‘l—it(’x) ;P( [RIA ) JF@ ) (W) dudv = \K% Ku)% (¥) Jui\s = f ?\\017% \\S)Jml\f _J];? W) \: Ku)elu » g

UrSey Ukvey ) ==
*’O\ '('00

TE 65 o a\w\o\@\j tonkywnus | thon i B0 = ﬁ?g (w) i £ e > ]?g )= J%(u)g () du

-

7}

Dq?(ﬂhﬁu&u be st X, Leb €22 be o st of subatks « X.
We wl € o MT-sskom  (f ¥ ABe€ ANBeE,
We wll € o k—slsh)m F D¥Xet
9) ABeE sk AeB Lun BAAEE
3)13. F\v\ﬂ\ ALG‘E Pen Net .

Lemmo: Lk € be a ‘(T-s:\g\—em,—ﬁ\m Z(E,)-')\Le).
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T\N&Wm (Lvix(enow \ L\(\epmétm of Y»U.>i P\am\om \arahles (\lcc‘fovs) 9 L, __.,én ave ‘\V\&Vu\km% (j—
( : ¥ 0 e (e xaer) ik Yolls bl f

F XL:'-ux“ :FL('X!:)'...'F“(’XO
K (=>3 TV\U\a\, %H- - /gf\)k 5 % 3

(€) Lek's pr it uog dotkon. Leks prote bt
Voe “BR) V%, meR  Pl4eB, %ok, 60tk =P(5,68) P(5e%) . P(Gers) (1)
Lt 2,21 e B0) sk stahmont () holds ] THs quon Bhak 2.2 {(oeopc3, e 3 - -syshom.
I 2.-)spkon 7.2 A Leox33) = 2({£20031) = B and tho prog will b tomphked,
Leks show Mwok 2= hesykon: k. oy o s
D ReZ sme P(?;ek}%zexl, §A£Xn>£ ELVL, Ploex,sem, ?hex“)i
= b Plaax) Flser)- . Pls.en)
TRGeR-L
= LAGen)- Plaew).
D) hBeS M AeB. Pl5,eBW, ek, 5 k)= P(5ieB, . 5uek) - PlSien, . Suen)
=P(6eeB) - Plena) - (s, Plsaens)
= PlseBN) PL6at7) - P(6ntk) > BrRe S,

3) heth Aee 2, P(%Lel\)‘hshm " x“)= Gim P frehe %25, bk

K100

= lim 'P(%Lehv)’. ’_:'P(é,\é?(n)

K—too

= P(§een) - PlELx) = Ael

IV\AM&KW\ gkt?f LﬂJL V‘BLJ.‘.JBW\E?(Ry Omcj V’XML,_.‘,X“GR ‘f\nlcl M"D\\mﬂ PYO‘?(A’j

P(5068 . . GBS T, %0 2%e) = P(5,6B) - P(SmeB) Pl £ Tme) .- Planen) (2
Le¥'s Prove Dk ?‘{0'\30% @ aleo W for ok

Z= &Bejﬁ(@):\l&,,iﬂmu VKmu,.../ Ko Pm?ukj (J;) L\D\‘ls} 1L vunans l—oﬂPmn. Jc\mk j_r?\-S:‘b{—Um.

We ?vocw& um\oaoos\} ko Yhe Prot Of W bose of induckion. Z) 22



DQ%(EX?%&(C& \JC\\%)" T\\L CKVQL&UX \alve. of o yandom om\a‘o\c %/ &k‘ml' w QJL,F,?) 5 15 gun \oj He \_dracxauc
\Y\\'(ﬁ\m\ 0[— é(u)\ ow e Pro\oa\n\‘l‘\:‘ mgpsore P.

E%-—J;A@

L

() T ¢ i discede, Lo EgJixP(m)

(%) I 9 1 0\)&0\0\{\3 tonkinos, bun £% - JX P, dx
(3

98- 5 W Smwac 15,00, 5-max {-5.0]. Then ES=Est-Es Ty bth ES Ey <o
Eé<co. Tt Esfcoo aud E¢ =400 bwn Eo=-co. I(— Eg*=c0 and Eg <00 tun ES=+too. Ij‘ EST=Eg =teo,
Y ES doesth exgst.

\co
Example (£ bostt exet): 1) § -bistke | P( 321 - Lo e VG S 2= O b -3
K=s a*

Thae Ve Z\8 | p(5-0)- 2

E%+:%§%=+M=E%' > S downk eust,
(=L

Yoo

1\ %‘a\bso\okdl wakvaus. %(9\\: T , Han E§+= S X dx=to0=F5 = FES dosnt st
2xv 2

Pxo?uhes of Expukq Low:

() 4= CeR —>Eg=C ) T IEs—VheF T E(31,).
Tt [ES[<e0—> VaeF E(BT<e0.
(2) 530 — E$»0.

N\omaw) F$=0 —Ple=0)=1. (Q YaclR E(O\LHI;) = oS+ b
) 32 — ES2Eq @) Lk s \E'L\<oo, Ty Ve E(5T) ¢ E(n1), then
Plgen) =L
) B -pribe — |ES|<E 3] (1) 1 — E3q-E3EN

H ) —[%l‘—éélél > E(‘Hl)éEéé Elg[ & ~E(§|5E§4El%| < |Esle El?l.

(5) IJL IS, bun it ES%00 v ES <0 Lel E$*<co. T 0¢§*T4¢3%" > E_(?Jrlh)é -
i E(%L’y: E& 1 <00. Sunilar [/ov ESze0,

&) L&k :Eg{mr %(m\ﬂ\/(w\} e Bj e })ratwbls (Dﬂ&iL.‘\DY\éJ d holds that E %1Bé E‘U_B. Than

07 E3le-ENTs = E(;@Eg = E(é—vt) Tp=0, and swnee (%-rL\ 17D = P(Lz-rolﬁ-o)-—w P(?éf@——L

() E$ Jq A’?(W: ijcll@ lP’L: f *dP, FAPV ESEY .
® " boow I



Thupiem ('\)Qm\m%tc\ Convergonce Tt ): e 179, Eqeeo. Leb W [3.]en . Thafoe, if
P(sar3)-b, b E§—F5,
Thaovem KOV\ the c‘f\nv\tjc of \Iuv‘\a\ole} Leb § be ovondom Nowddle (Vecko) sk FES . |k (('-\R“L\R be o Borel

fnchon, Thon a((;):ﬁzm Iy
R
B0 Lelts shark wikh simple porckons - (x)= T(xeB) | Be'BE).
EU(5)= E Ts¢8)= Plse) - j 3, - J Toed) dF, = Jmig _
B R ®

) W)= \\Zi CJI(?(&BJ-B ,Be®®), K(\'\KX)‘-UxeBA)

W

U9 E2,030- ZGEG =2t [l - JJZ LR RCE
b R R
IU0 I omple Gu20 sk QY

E%)T bin E405) = lm K\(m 7, g 4 &5,
Lw%l‘éﬁk‘ﬁb’“l * .
1) Consdur om m‘mlrmvj Y. Lk =4, whee Laman {90, €= max { -4, 0]

W)= E(4@) - Elu) = BYt ) -E ¢ ) =Jq+(x>i?3 - fwmﬁhg - g (@ )de, - f qod,
R R R 74
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EXP(Q\GK\W\ and\avianee o fdome q\,goluk\‘j tonbinnss  dtstalogkgns :
() 5~ ultah) , E5-bsa ) Varg= (b-a’

z 12
D) §~Exp() E§=1T , \luvg-_iﬁ

() $~ N2 | Eg-a Nu§=2

roo

() §~ Gomma o, 0) E5= &0 Vo= & hor pm- 2K E X _MI(PO)) nld)= fe“e:m
o’ A0. A » M)

(o]

\
) 4~ Bekald,p) | ES= & Vowr§= _ap , whoe 7 (x)- X4 ™ B J £
A,p>0. or P (oH—F)l (oUrP rL) B.p) o

_lcal
9 l’;"’ LQPlGC(, (Jk, 6) ; E%=\}l ; Vo § = 292, wheve %(X):Le o
8>0. 28

&) 4~ (n\:(\\:‘)(@% ES doesnt exiskj e %(x) =0

8>0 wlere)

Fopsibon Lk dop>0. Ty El3l"co, than E[5|%c0,

O plgfP. [mu@ . f P, + Smmj eSL. I+ gmm . J 1% 4 J L, z;JJ,P3+jlxr*Jg - LY EM 200
R Ixles s X(<L x>y (Met  W»y R R 7

Mar kovs 1‘\“{”‘*\‘\3: Lk $20,0°0 E$<oo, Than P(%?ﬁk\é_@_.

o
$7 13 0) 70 T570) # £57 E (0 L(50)) = aP(4a) > Plsra)e Ef
@

Jonsons I‘r\v.g(uu\ilj: Lt khe Bod Sr\mdum 30() be e doumward  and El§l<00 Thon 3(\5?)4—[;3(2)

{A\m

96 =
B YreR I alx)eR: Wxek 4> qlre) + Alx) () | Lek x-%, x.-E%. Thorfore =z ¥

/0
9(5) > (€5) +2E5) (5-€9) = E9l9)» E{ 9tes)+ nE3(5-€9)) = glED) + Thes (e = Eq9)> 9(es)
7\

Nokee Pk Vu$-E- (£9°50 = E%5 Es5)
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Conergre o Random Varalls
Let {(S“S:o . be a seqoenee of vondom \avables, Let € be a random varable,

(1) Almost Sue (Dnvorﬂuncc b0 15 oad o tonverge st sudy ko (g}&,;) i
P({N %r\[\’J —"%L\JJ)-S) i aS WN—>o00.

EXQm?la 0=0orl, F=pwNOY, P-tossiaa| Ldmavc maasoe. Lo $a(00)= W™ Yowe SLoand n=t2,.

Thga %n—_)g ~U(tof).
We tw t\qmt su)w. We Yo $alw)=wrw"— = Sw) Ywelol), Nobee bak $u(9-2-7L-3(y \mﬂcP{ﬂ)

(2 03'\\‘ one | me\Oa\J\\i : gn ) 6(\\& I(D QDV\\JU‘SQ, i Pro \r)\\'\ 'lTO % ( %nj_?%> 'l
) e v : Ner0 P({(m:\g.\(\o\-i(}nj>£__{} —t}o 05 o oo, 5
Example: $avExpla). §.550

(2) (X)Y\\Sexjw\ca in Distrbubion. 8 05 sl Lo Q!)V\\JQNSQ, n A(&kw\sohm o % ( % ——73> g.
VERr R bognded and b, 1k ks bt EF(8.)— EJS) s nace.

T\Morem\( leaddoe Thuorm): $,-95§ <\ pestey: B9 PB—RE) <
@V%ek F is wonkivuous in x F(x)—>Fb<)

EXQm?le: iNNBm(n,_A_> , o, T %R—»V\,nv?o‘sb)

()(D‘\ijmw i Mean : Lk P?L fa 15 sl ho Unvege jn mean (ov in LP) o % (%niﬁ) '|§

E|$n ?\—>0 a8 n— 0.

EXQm?le,: Zo~ WL 0, 4/vJ) Thn, S 220,

‘W\U)(Q)N\! . \Pﬁ‘i

O ) |as.-=p| Lk P(’%A—’?Bﬂ_. A- {/m:%n(w)—vi(m)h{w:‘ébo In Vion (4-5l<e]
Ae={w: In Vion [5-5ce 3o A = Phe)-A.
Bn_{m' §-5(4€ D%f{m:\{m %51 2€]

\
Veso A= UBW + Plhe)- P(U B.)= bm P( Bn)= L?Q‘m PBo)-L > an P{{w: (5 %>e3)
lN'_Y(p\b\V\j 26



(2) \,\a =P | L& Ele:5=0. Thon PL\&;?PE)?PU%;?\P%?)z;El%;}%\‘) —50.
p>0

B [p=d | Lek Voo P50 =0. Lot fle koo and bondd (30 fflet)
We need : Eg(g“\—eEHg)
Faek 1) (onsder Nt PUS[-N) < -

Lels shaw \n\\ﬂ s N exsts: Lek gﬁlU%\%ﬁ, Nobew bk %0 =55 bun 5225

Torgoe, P15-51>€) 0. 8o, PUw: 15r-sbed) = PLw:1sbnd) =0

TFock 2) Tn Ao whowl [20,200 £) 8 absoboldy cnbinons (swee 15 onkinums ) ol Lhan
35:0¢5¢N sk Y xq e BN ] bnat [yl<6 ik holds Qe ‘f""'f‘ﬂ)“fT

Foek 3) Sme 6o B% b 3N, Yooty B(15,-6]25) -
Now, s tnbeodoce b by pockbon o 0 (A= T(15[-1),

A= T8 2N, 15,-5]55)

A I( (51N, \5.5148)

Leks poctds L o N, , o [Ef(s)- E{9)] = lE(f(sn)-f(’s))léE\ﬂ?n)-ﬂi)(’—
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