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1. OcHOBHbBIE TIOHATUA TEOPUM CJIyJdaNHBIX
MIPOIECCOB

Teopusa caygaifiHBIX TIPOIECCOB — ITO Pa3e TEOPUN BEPOATHO-
CcTe#l, CBA3aHHBIA € MaTeMaTUYeCKUM aHaJJIU30M CAydailHbIX dABJje-
HUI, B KOTOPBIX TPUCYTCTBYET armop epemeru. opmanbHo, City-
JafiHbBIA TTPOIECC MOYKHO ONMPEIENNTh KaK HAOOP CIydaliHbIX BeJn-
9WH, THAEKCHPOBAHHBIX HEKOTOPLIM MHOYKECTBOM.

A Onpenenenue 1.1. IIycte T — #exkoTopoe MHOXKeCTBO. Torma
nabop X = (X;,t € T) cayuatinbix Bemuna X; = X (w), 3a1aHHBIX
HAa OJTHOM H TOM K€ BepOATHOCTHOM npoctpanctse (2, F, P) nua Vi €
T, Ha3BIBAETCS CAYHAUHBIM NPOUECCOM HA MHOKecTBe 1.

MuoxkectBo T’ 3 ompejiesieHns €CTECTBEHHO WHTEPIPETUPOBAT,
KaK 6pems, TEM CAMbIM, B KaXKJIbIii MOMEHT BPEMEHU ¢ UMEEeTCA HEKO-
Topas caydaiinas seauunna X; : 0 — R. Ormerum, uto B 00I111eM
ciaydae X; MOryT ObIThb CAy4aliHBIMU YJIEMEHTAMU C PABJIUUHBIMEU
MHOXKECTBaMU 3HAYCHUN.

[Ipu onpenenerun caydaiiHOrO IPOIECCA BaXKHO J00ABUTH, UTO,
110 AHAJIOTUU CO CJIyYalHBIMU BeJIUYUHAMU, CIydalHblil Mpolece mo-
poxKtaeT o-ajiredpy.

A Omnpepnesienne 1.2. [lycte X = (X,,t € T') — cayuaiinblii
nportiecc. Torna o-anredbpoil, nopostcdennots 3TUM TPOIECCOM, HAZbI-
BaeTcs MUHUMaJbHAsA o-ajrebpa, cojep:kaias Bce o-anredbpst Fy,,
T.€.

o(X,teT):=0 U Ix,

teT

Ha cnywaitnenit mponecc X = (Xi(w),t € T') MOXKHO CMOTpETbH
Kak Ha yHKIWO ABYX nepeMeHHbix X = X (¢, w), onHA UX KOTOPBIX,
t, MHIEKCUPYET BPEMs, a BTOpad, w, — ciaydaiinocts. [lpu dpukcn-
poBaHHOM ¢ MBI TIoJiy4daeM (YHKIUIO OT W — CAYYafHYI0 BEJTUYUNHY
X;. Eciu xke, naobopot, 3ahukcupoBaTh w, TO MOJyIuTCsd (DYHKIHA
or t.

A Onpenenenune 1.3. llpu dukcupoBamaoM w = wy PyHKITHS

X (1) = X (w)

w=wqo

Ha T HazbIBaeTCS Mpaexmopuel] W peasudayued CLydailHOro
mporiecca X = (X, t € T).



Nmenuo BepOATHOCTHBIN aHAIN3 TPACKTOPHUH CAyJaliHBIX MPO-
LIEeCCOB U COCTABJACT IVIABHBII MHTEpeC B U3ydaeMOll HaMU TeOpHU.

Cryuaiifble TTPOIECCHl MPUHATO KJIACCUDUITUPOBATE O “PUPO-
ne” muoxkecrBa 1. Ilycte X = (X, t € T') — cayuaitaslii nporecc.

e Eciu T = [a,b],(a,b),[a,+00), R,R, u Tak gajee (KOHEUHbIN
wn GECKOHEUHBIH MHTEPBAJI ¢ IPAHUIIAME HJIH 6e3), TO IPOIIECe
X Ha3BIBAETCs IPOLECCOM € HENPEPUEHHIM BPEMEHEM.

e Ecou T C Z (manpuwmep, T = Z,, Z), To npouecc X HA3BIBAETCSA
IPOIIECCOM € QUCKDEMHBILM BPEMEHEM.

e Ecim T C R% d > 1, To npouecc X Ha3bIBaeTCs CAY4ATHbIM
NOAEM.

[TpuBenem psij MHTEPECHBIX ITPUMEPOB CJIYYANHBIX ITPOIECCOB.

A IIpumep 1.1. Ilycrs {&,,n € N} — nesaBucumble cirydaiibble
BEKTOPBI pazMepHocTh m. Torma mporece ¢ JUCKPETHBIM BpeMeHeM
(S, =&+ +&,n €Zy), tne Sy = 0, HaszbIBaeTCa CAYUATHBLM
bayorcdaruem.

Duauuecrass Modeasb: Xa0TUIECKOEe JIMCKPETHOE JIBUKEHHE B
IIPOCTPAHCTBE, HAITPUMED, NPBIKKM Ky3HEUNKA.

A IIpumep 1.2. Tlycrs {, : n € N} — HezaBucuMble OJHHAKO-
BO pacrhpejie/IeHHble caydaiiubie BeTuIunsl, &, > 0, &, # const 1n.H.,
S, =&+ +&,, So = 0. Torma nmponece (X; =sup{n: S, <t},t>
0) Ha3BIBAETCS NPOUECCOM BOCCTNAHOBAEHUA, TIOCTPOEHHBIM 0 CJIY-
vafineiv BesmauaaM {€,,n € N}. Beiony nasee (ecm He oroBopeHo
WHOTO), TOBOPST O MPOIECCe BOCCTAHOBJIEHUS, TOCTPOCHHOM IO CJIy-
vaiinbim BesmanHaM {&,,n € N}, mMb1 GyJieM nmerb B BUy, 9TO 9TH
caydJaflHble BEJIMYUHBI 00J1a/1a10T OMUCAHHBIMYU BBIIIE CBOMCTBAMU.

HapucyeMm TpaekTopuio mporiecca BOCCTAHOBJIeHNsI. ZlcHO, 9TOo ero
3HAYEHUS — 3TO [eJOUYUC/IEHHbIE HEOTPUIIATE/IbHbIE YUCIa, T.€. TPa-
ektopug He ybpiBaer. Torma mosyvaeTrcd Caeayonas CKaIKkoobpas-
Hasl KapTUHA:

A 3amaua 1.1. Jokaxute, 9TO C BEPOATHOCTBIO 1 mporiecc
BOCCTaHOBJICHNA KOHCYEH B Ka)K/IbII‘/JI MOMEHT BpPEMEHU.



Perrenne

[Iycte cnawana EE; > 0, EE < 400 Vi.
Ecm X; = 400, 10 S,, <tVn € N.

{Xt=+oo}:{Sup{n:Sngt}:+oo}:{Sngtvn}:

— r. {Sn <1} D (S < tH = ({Sa <1}
n=1

SHAYUT, U3 HEPEPBIBHOCTU BEPOSITHOCTHOM MEpHI,

P(X; = +o0) = lim P(S, <t).
n—-+oo
[Monoxkum a = EE;. CorytacHo ycuyieHHOMY 3aKOHY OOJIBIIHIX
qHCeT,

&H'H'a = &i>a.
n n

Torna
t
P(S,.<t)=P ( < ) < |upum 6osbmux n| <
n

S’ll
n
P(STL"<3>—>P(a<g)—O.

N

Buaunr, mist r060r0 hukcuposanuoro t > 0 P(X, = +00) =
0. Bamerum, uro X; — HeyGriBaromuii mponecc (Bce TpaekTo-
pHH [POTIECcCa SIBIATC HeyObBatonmMn ¢yukiusyu). Cire-
JIOBATEBLHO,

P(3t: X; =400)=P(E3neN: X, = +0) <

<iP(Xn:oo):O.

n=1

Ecmn xe EE; = 400, T0 nomoxnu & = min(&;,1). Ouesnmo,
0 < E& < +oo. Torpa X; < X, rae X; — nporecc Boccra-
HOBJIeHUS &;, OTKYIA

P(3t: X, = +00) < P(3t: X, = +00) = 0.

3amavua pemieHa.



['1e MOKeT BO3BHMKHYTBH IPOIECC BOCCTAHOBJIEHUS !

Dusunecras MO00eAb: <MOJIETb MEPErOPAHUS JAMIOTKIY.
IIycrs £, — caydyaiinas BeJwYMHA, PaBHAs BpPeMeHH paboThI JaMm-
TTOYKHU C HOMEPOM N, TOT/Ia X; HMOKa3bIBaeT, CKOIbKO pa3 IPHUIIIOChH
3aMEeHHUTD JAMIIOYKY K MOMEHTY BPEMEHHU {.

A ITpumep 1.3. Mogesnn crpaxosanus Cnappe—Amaepcena.

[Mycts (X4, t > 0) — mporecc BOCCTAHOBJICHNS, TOCTPOCHHBIH O
{&.,n € N} Ilyere {n,,,m € N} — He3aBuCHMBIE OIHHAKOBO PaC-
PEeJIeJICHHBIE ClyvaiiHble BejmanHbl, He3apucumbie ¢ {€,,n € N}, a
Yo, ¢ > 0 — HEKOTOPBIE TIOJIOKUTEIbHBIE KOHCTAHTEI. TOT/a mpoIecc

Y =(Y;,t>0), rae

X

YVi=yo+ct—) m, (1)

k=1

HA3bIBAETCA MOJEBI0 cTpaxoBanns Crnappe—Amaepcena.

[Mosicanm cvbica mapaMerpos mogeau. Ilycrs nmMeerca HeKOTOpad
CTpaxoBaHUud KOMIIAHUA, KOTOPad II0JIy4aeT JO0XO0[ B BUME IIOCTOAH-
HBIX CTPAaXOBBLIX B3HOCOB U TepseT NEHLI'H, BLIILJIAYNBasd CTPaXOBLIE
IpeMun CAyIafiHOTO pa3Mepa B CaydaiiHbie MOMEHTHI Bpemeru. To-
IJIa MOKHO MHTEPIPETUPOBATH TAPAMETPhI CJIEIYIONUM 00pa3oM:

® Yy — HAYaJIbHBII KaluTaj KOMIAHUH;
® ¢ — CKOPOCTb MOCTYILJIEHUS CTPAXOBBIX B3HOCOB;

e {, — Bpems mMexy (n — 1)-it u n-it cTPaxXOBLIMU BBIILIATAMMY;

S, =& + -+ &, — Bpems n-#i BRIILIATHI;
® 1), — pa3Mmep N-I BBIILJIATHI;
e X, — UHWCJO BBILJIAT K MOMEHTY BpemeHHu t > (;
Xt "
e > ' M — obumit pazMep BBILIAT K 9TOMY MOMEHTY BPEMEHU;
e Y, — Texymuit KamuTa I KOMITAHUY B MOMEHT BPEeMeHu .

X .
st mponecca Z; = Y ;%) My B IpaBoil wacTn CITpaBeJInB
CAEYIOMNY YCUJIEHHBIN 3aKOH BOJIBIITIX IHUCET.



Teopema 1.1  [lyemo (X;,t > 0) — npouecc soccmanosaenua,
nocmpoennvits no {&,,n € N}. Ilyemo {n,,,m €
N} — mesasucumwve odunarxoso pacnpedesermvie
cayuatinoe sesununsl, Hezasucumve ¢ {&,,n €
N}. Iyemws p = EE, A = En; — noaoorcumenn-
ot u Konewnvl, Ilosoocum Z; = 22(;1 M. Toeda

Zy

n.x.
= =
t

=I>

KpOMe TOI'0, BBIIIOJIHEHA IAEMEHIMAPHAA TMEOPEMA BOCCTNMAHOBAE-
HUA.

Teopema 1.2 B ycaosusax meopemovt 1.1,
EZ, A
—_— > —.
t H

A 3agaum A9 caMOCTOSITEIbHOTO PENIeHUS

1. Tlycrs X = X (w, t) — dynkius, onpeaenentas ua ()X T v npu-
HuMaromas 3aadenns B R. [IycTs, Kpome Toro, I/ — MHOXKECTBO
Becex dyukmuit f : T — R. PaccMoTpuM Ha 9TOM MHOXKECTBE
o-anrebpy € = o({f : f(t) € B}, B € B(R),t € T), koro-
past Ha3blBaeTCs YUAUHIPUHECKOT 0 -arzebpol. JlokazxkuTe, 4T0
(X; = X(-,t),t € T') — cayvaiiHBI{l TPOIECC TOIJIA U TOJBKO
rorja, Korga X — (F|€)-uzmepumast pyHKImsI.

2. TIponecewt (Xt € T) u (Yy,t € T) HA3HIBAIOTCH HE3AEUCU-
MBLMU, €CTTH HE3aBUCUMBI TIOPOKIeHHbIe UMU g-aareOpsnl. Jlo-
kazkure, 910 (X¢,t € T) u (Y;,t € T') — He3aBUCHMBI TOT/A
U TOJBKO TOIJIA, KOJIA Jyid JIOOBIX HATYPAIbHBIX 70,1 U J|ist
moOBIX t1, ... t, €T, t1,... ,t, € T Bextopnr (X,,..., X, ) 7

(Y;,,...,Y: ) gBIAIOTCA HE3aBUCHMBIMH.



. Hapucyiite Tpaexropuio npornecca Y; B MOAENN CTPAXOBAHUS
Cunappe—-Aunjepcena.

. Iyers (Xy,t > 0) — mporece BoccranosaeHus. JJokaxure, 9To
P(lithJroo Xt — +OO) - 1

. ycrs (X;,t > 0) — nporecc BOCCTAHOBJEHNUS, OCTPOEHHbIM
[10 HE3aBUCUMBIM, HO He 00si3aTeIFHO OJIMHAKOBO PACIIPE/IEIEH-
HBIM CaydaiinbiM BesmanaaM (&,,n € N).

a) [IpuBeure nmpuMep moOOGHOTO TPOIECCa, YXOISINEro Ha Hec-
KOHEYIHOCTH 3a KOHCEYHOC BpEMAd C II0JIO2KUTEJIHHOM BEePOATHO-
CTBhIO.

6) TlpuseanTe mpumep TMOAOOHOTO MPOTECCA, HE YXOISIIETO Ha
OECKOHEYHOCTD J1azKe 33 OECKOHETHOE BPeMsI.

. Iycrs (X;,t > 0) — mporecc BOCCTAHOBJIEHUST, TOCTPOCHHBIH
no cayvaiineiv seauunnam {§,,n € N}. Oboznaunm p = EE;,
o? = D¢;, mpudem n3pecTrO, uTO 1,02 € (0, 400). Tokaxmure,
9TO UMEET MECTO CXOAMMOCTD 0 PACIPEICICHHIO IPH ¢ — ~+00:
Xi—+

— N(0,1).

ot/ p?

. ycrs (€,,n € N) — cay4aiinbiit nporecc, 5j1eMeHThl KOTOPOTOo
£1,&, . .. ABILIOTCA HE3ABUCHMBIMY CJIYyYaiHBIME BEJTTIHHAM.
Ob6ozHaunM

X = ﬂ”fff, rae 27 = 0(&nr1, Entas - - )
n=1

OCTATOYHYIO o-aarebpy, T.e. ImepeceveHne BCex o-aaredp, Imo-
poxkentbix Habopamu {&, k > n + 1}. Jlokaxkure 3aK0H Hy-
JIST WJIW eJUHUIBL: [JIst J1I060T0 cobbitust A € X BBITOJIHEHO
P(A) =0 wi P(A) = 1.

Yxaszanue: npu doxazamenrvcmee 60CNOALIYUMECH CACIYIOULUM
ymeepoicdenuem. Ecau A C F — nexomopas aszebpa noommo-
orcecme (), mo das a0bozo € > 0 u arwbozo B € o(A) natidemcas
maxoe A € A, wmo P(A A B) <e.

3amenanue: Imom 30KOH HYAA UL eJUHUYDL NPUMEHACTNCA
O0ns JOKA3AMENDCINGA PASAUNHBT YMEEPHCOEHUT 0 CAYUATHOM

10



bayotcdanuu. B wacmmuocmu, ¢ nomoupio 9mozo 3aK0Ha MONCHO
dokasamov, wmo ¢ eepoamnocmvio 1 npocmedwee cummempu-
noe cayuainoe Gaysciarue GECKONeuHo MHO20 PA3 G03BPAULA-
emca 6 HoAv (cm., nanpumep, [8]).
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2. BerBammuecs nponeccol 'aabTroHa—BaTcona

B macrogreit TiaBe, a Tak¥Ke B TPETheil M I€TBEPTHIX TJIABAX MBI
TTOTOBOPHUM O BAXKHEHINX MPUMEPAX CAYyIANHBIX TPOIEccoB. B 310
IJIaBe pPevb MONIeT O BETBSIIUXCS IPOIECCAX.

Mogenb BETBAIIMXCS TPOIECCOB OBLIA BIEpBbie mpemnoxena D.
lanbronom n I'. Barconom B 1873 rojy B CBsi3M € aHAJIN30M BBIPOXK-
JleHUsi apucTokparudeckux damuauit Benukobputanuu.

Pusnieckas MOJEJNb: B JMCKPETHBIE MOMEHTHI BPEMEHH Ua-
CTHUITHI PACHAJAIOTCS Ha CAyYaliHOe KOJINIeCTBO TAKHUX YK€ TaCTHII.
Yucao MOTOMKOB KaKJI0H JACTUIILI WMeeT OHO W TO XKe pacIpe/ie-
JIEHUE.

QopmasbHas MaTeMaTHdecKasd MOJIEeNTb BBIIVIAAUT CAeTyIOTTIM
obpaszomM.

MareMaTndeckas MOJIeJIb: 1IycTh & — ciydvaiiHas BeJuYnHa
co snauenusvu B Z,, a {€”, k,n € N} — HaG0p HE3ABHCHMBIX CI1y-
JafiHbIX BEJWYNH C TeM ke pacipegenenneM, uro u €. [lomoxnm

n—1

X() = 17 Xn = Z gl(qn)> n = 1.
k=1

A Onpepesienne 2.1. [Iponecce (X,,n € Z, ) Ha3pIBaeTCH €M~
sawgumca npoyeccom I arvmona-Bameona ¢ 3aKOHOM Pa3MHOMKEHHS
vactuy €.

WNnurepnperarusi BeIWIUH MOJE/IN COBEPINEHHO sicHa: X,, — 3TO
YHUCJIO YACTHI] B N-M TIOKOJEHUH, a 5,&") — YUCJI0 TOTOMKOB k-if 9a-
crunpl u3 (n — 1)-0ro HOKOJIEHUSL.

Hac 6ynyT naTepecoBath 1Ba BOIMPOCA OTHOCUTEIHHO BETBATIIAXCS
TTPOTIECCOB.

e Kakosa BEPOATHOCTL BBIPOXKACHHA BETBAIIErOCA IIPOIIECCa

P(In: X, =0)?
e KakoBo pacupegenenue o0IIero 4ucyia 9acTull B mporecce?

OTBeTbl Ha 3TU BOIPOCHI MOYKHO HANTH C IOMOIIBIO METOA IIPO-
M3BOIAMNX PYHKITAL,

12



A Ompenenenue 2.2. [lycrs € — cayuaiinas Besmuvna. Torma
ee npouseodawel Pynryuel Ha3pIBAETCT DYHKIUA

we(z) = Ez¢, z € R,

onpeJiesleHHad JJad TeX 2, JJId KOTOPhIX KOHEYHO JaHHOE MaTeMaTu-
YeCKOe OXKHJAHUE.
Boigeuv ocHoBHBIE CBOfICTBA TPOMBBOAAIIUX (DYHKITHH.

Lowe(1) = 1;
2. ¢(1) = E;
3. Eciu € u 1) He3aBUCUMBL, TO Yein(2) = pe(2) - @y(2);

Ecau £ mpuanMaeTr 3HATEHUS B 7, TO UMEIOTCH JIONOJIHUTEbHBIE
CBOICTBA:

4. @e(2) = Y pey 2"P(§ = k) — crenennoit psin, cxopsmmmiicst ab-
COJIOTHO ¥ paBHOMepHO B obtactu {|z| < 1};

5. ¢¢(z) nenpepoisao guddepenipyema 6eCKOHEYHOE YUCIO PA3
B obsactu {|z] < 1};

6. @5(0) =P =0);
7. P(E = k) = (Lepe(2))

A 3amaua 2.1. CayuaitHas BenwdwHa & UMeeT MYACCOHOBCKOE
pacmpenenenue ¢ mapamerpom A > 0. Haiinure ee mpomszBogdriyto
dyHKIIIO.

2=0

Perrenune

Borancasiem mo omnpeneneHnio.

AR L (2A)F
_ £ __ EY X - _ A(z-1)
4,05(2:)—Ez—2z e =c Z e .
k=0 k=0
3amaua pemiena.
Mycre remepsr X = (X,,n € N) — 910 BerBaImmiics mporecc

lasbrona—-Barcona ¢ 3aKoHOM pa3sMHOXKeHUs] YacTHir &.

13



Jlemma 2.1 Mexk1y npou3BoadanuMu QYHKITUSIMEA JIEMEHTOB
nportecca X MMef0T MeCTO CAeYIONTNe PEKYPPEHT-
HBIE COOTHOITIEHNS.

L. PXnt1 (Z) = SOXn(SOf(Z));
2. ox,(2) = e(pe(- . pe(2) .. ));

n pa3

3. 0x,.(2) = pe(x, (2))-

JanHas jJeMMa [03BOJII€T HAWTH ypaBHEHUE i BEPOATHOCTHU
BBRIpOXKAernsa. O6o3HAUNM depe3 ¢ BEPOSITHOCTH BBIPOXKIEHUS, T.e.
g = P(mponecc Beipommica) = P(3In : X,, = 0). Torna seimosneHo
CJIETYIOIIee YTBEPIK IeHNeE.

Jlemma 2.2 Bepoammuocmo evipooicdenus q 6emeawe20ca npo-
UECCH C 30KOHOM DASMHONACEHUA UGCTUY, € ABAA-
EMCA PEWEHUEM YDAGHEHUA

2= pe(2). (2)

YpaBHenne — 9TO TepBas 3aMevaTe/bHasd (GOPMYyJa B TEOPUH
BeTBsUMXCs mpoteccos. Ormernm, uro z = 1 Beerma siBjsiercs pe-
MeHneM . OnHako Mpy HAJIUYUN JAPYTUX KOPHEH HaM Hajd0 YMeTh
oTbUpaTh CpPEeJN HUX BEPOSTHOCTH BhIpOXKjeHusi. llonHyro kiaccu-
puKanmIo cUTyanuit 1aeT TeOpeMa 0 BEPOSTHOCTH BBIPOXKICHUSI.
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Teopema IIyemy caynatinas eeaununa & ne pasta 1 mooic-
2.1 (o Be- Jdecmeenno, m.e. P(§& = 1) # 1. Obosnauum p =
POSATHOCTH EE (moorcem 6vimsb, = +00). Tozda

BBIPOXK e~
1. Ecau p < 1, mo ypasrnenue UMEEM MOAD-

Ko odno pewenue z = 1 na [0,1]. B smom
caywae q = 1.

HYSL)

2. Ecau p > 1, mo ypasnenue (2)) umeem edun-
cmeennoe pewenue zo € [0,1). B asmom cay-
wae q = 2.

BBIBOJI: BEPOSITHOCTD BBIPOZKIEHNS — STO HANMEHBIIN{ KOPEHDb yPaB-
HeHust z = @¢(z) u3 orpeska [0, 1].

OrMmernM, 9TO TeOpeMa MMEeT BeCbMa JKU3HEHHYIO HHTEpIIpe-
TAIMIO: €CJIM CPeJIHee YHCJIO MOTOMKOB B mporecce He Gosbie 1,
TO TporecC OOpedeH Ha BLIMHPAHWE, B NPOTHBHOM CJIy9ae €CTh
HEHYJIeBasd BEPOITHOCTH DECKOHEYHOTO CYIIECTBOBAHUS TTOTY/ISATINHN.

A 3anaya 2.2. Hafinure BEpOSTHOCTH BBIPOXKIECHWS BETBSIIIE-
rocs ciaydaiHoro mporecca ¢ reomerpudeckuM Geom(p) 3aKOHOM
pasMHuoxkenus dactui (r.e. P(§ = k) =p(1 —p)*, k € Z,).

Perrenune

Haiinem cragana npou3BoaAmnyo (DyHKIIMIO IUCI TACTHUIL.

Kk k p
Z'p(l—p)' = ——=.
‘ 1-2(1-p)

K

pe(z) = E2* =

b
Il

Temeps perraem ypasuenue z = @¢(z). Kpagparnoe ypasue-
HUe UMeeT JBa KopHs: z; = 1, zo = p/(1 — p). Cornacuo
CJIEJICTBUTIO W3 TEOPEMBI, MBI TOJI?KHBI BHIOPATH HANMEHBITHI
kopenb Ha orpeske [0, 1]. Tem cambim,

g=1,ecmnp>1/2;

q=p/(1—p), eciup < 1/2.

3agava periieHa.

O61iee yncso vactuin. Obcyum Ternepb BOIPOC 00 0BIIeM Iuc-
Jie YaCTHUIl B BeTBdIeMca npoiecce. Oboznaunm Y, = 1+ X +...+
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X,, — obIree YnCI0 9aCTHUIL B IIPOTECCE 0 MOMEHTA BPEMEHU 1 BKJTFO-
unTebHO. ToTIa nMeeT MecTo CeAyoINee PEKYPPEHTHOE COOTHOTITE-
HHE MEXKJIY IPOM3BOMAIIMMHA (DYHKINAMHA Y, U Y, _;, aHAJOTHIHOE
COOTHOIEHUIM B jgeMMe 2.1 mia camoro X,,:

PYoia (Z) = Z(pé(QOYn (z))

Hanee, nua xkaxjoro z € [0,1) cyuecrByer npejen

p(z) = lim oy, (2),

n——+o0o

KOTOPBIA MOXKHO MWHTEPIPETUPOBATH KAK MTPOU3BOLAIIYI0 (DYHKITHIO
obITero 9mcsa 9YacTHI 32 BCE BpEeMs CYIECTBOBAHMA IIPOITECCA.
[Iyctes Y — obmiee 9mcao 9acTHI] B BETBSIIEMCS IIPOIECCE 3a BCE
BpeMsi (eCam MPOIECC HE BBIPOAUICA, TO, KOHeYHO, Y = +00). Torma

p(z) =E(VI(Y < +00)) = Y Z*P(Y =k).

Haiitu p(z) MOXKHO U3 BTOPOTO 3aMeYaTEbHOTO YPABHEHUSI B TEOPUN
BETBAIINAXCS CAyIalHBIX ITPOIECCOB.

Jlemma 2.3 Qynryus p(z) ABAAEMCA PEUWEHUEM YPABHEHUA

p(2) = zpe(p(2))- (3)

A 3anaua 2.3. Cayuailinas peunauna & UMeeT TeOMETPUYECKOe
pacnpenenerne ¢ mapamerpom p € (0,1), a (X,,,n € Z,) — Ber-
BSIIIUHACA TTPOIECC C 3aKOHOM pasMHOXKeHusi dactull &. Bouranciure
MIPOU3BOIAIIYI0 (DYHKINIO OOIIero 49mcjia YacTHII B IIPOIECCE, a
TaKXKe HalJuTe BEPOSTHOCTH TOrO, YTO BCErO B IPOecce ObLIO
poBHO k wacTwnil.
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Perrenne

[IpousBomsrnyio byHKIMIO @¢(2) MBI y2Ke HAILIM B 3aJatde

2.2:
p

T 1—2(1-p)
Temeps perum ypaBHeHUE . Ono 6ymer KBaIpaTHBIM OTHO-
curesnpHO p = p(2):

ve(2)

pP*(1—p)—p+pz=0.

Orciona,
1+ /1—4p(1—p)z
2(1-p)
Vpasuenue ozraqaet, 910 p(0) = 0, 3HAYNT, HAJO B3ATH
KOPEHb CO 3HAKOM MUHYC:

1—+/1—4p(1 —p)z.

2(1-p)

Ocranocs natitu Bepostaoctn P(Y = k), nns sroro mamo pas-
JIOXKUTD TI0JIy4eHHy 0 bYHKIUIO p(2) B CTEIEeHHOM psit:

<1£2> (—4p(1 —p)z)*

((2p(1 = p))*(k — 1)) 2*.

P12 =

p(z) =

Cragio 6biTh, tipu k > 1,

(2p(1 = p))*(k — !

A

3agava pemiena.

A 3agaunm Oy CaMOCTOSTEJIBHOIO PeIleHUs

1. Haiigure mpon3Boasityo QyHKIIWIO YAC/Ia 9aCTHIL B N-M TIOKO-
JIGHWW BETBLAIIETrOCd TPOIECCA, €CANU TPOM3BOAAIIAsS DyHKIIM
qHCIa TTOTOMKOB OJHOI YacTHITHI pPaBHA

17



a) pz+1—p,6) (1-p)/(1-pz),8) 1 -p(l—2)% ac(01).

. HaiiguTe BEpOATHOCTH BBIPOXKICHUS JIJIA BETBAIIUXCS TTPOIIEC-
COB C TPOUBBOAAIIEH (DYHKITMEH YUCIa TOTOMKOB OHOW TaCTH-

ITbL
a) 1 —p(1 —2)%, a€(0,1),6) (1+z+2*+2%)/4

. Haiigmre pacupenenenne MOMeHTa BHIPOXKAeHNUsT N 17151 BETBSI-
IIIAXCS MPOITECCOB € TIPOM3BOALAIIEH (PyHKIMeH Jnc/ia moTOMKOB
OJHOIT YaCTHUIBI

a) pz+1—p,6) 1 —p(1—2)*, ac(0,1).

. BerBammuiica mporecc uMeer caemytonuit 3akou £ pacupeeie-
HUA TTOTOMKOB OJTHOM YaCTUIIR:

P=0)=1/4, P(¢=2)=1/2, P((=6)=1/4.

Bepro Ji, 9TO BEpOATHOCTL BBIPOKACHUS OyJeT IpPUHAJLIe-
xKarb unrepsany (1/4,1/3)7

. IIyctb € — umncsio MOTOMKOB YaCTHITBl B BETBSAIIEMCS [IPOIIECCe
lanmprona—Barcona (X,,,n € Z,). Obo3naunm E{ = p, DE =
o?. Haiinure EX,, nw DX,,.

. yers (X,,n € Z,) — BerTBaAmuiics MpoIecc ¢ 3aKOHOM DPa3-
muoxkeHus yacrul £. Obosnauyum yepes Y, = X, +...+ Xy —
obIiee YUCII0 YACTHULL B [IPOIIECCe 3a BPeMst 1, a 4epes @y, (2) —
€r0 IPOM3BOIAIIYI0 QyHKIUIO. JoKazkuTe, 910

Py, (2) = 20e(pv, 1 ()

. ycrs (X,,n € Z,) — BerBamuiica mporecc ¢ 3aKOHOM DPa3-
MHOKeHus gactuil £. Obosnaganm vepe3 Y, = X, +...+ Xo —
o011ee InC/I0 YACTHIL B IPOTIECCE 33 BPEMsi N, & 4epes @y, (z) —
ero MpPOMU3BOAAILYI0 PyHKIMIO. MCnoab3ys NpeabIyILyio 3a,/1a-
qy, TOKaKUTe, 910 s Beex z € [0, 1) cymecTByeT mpees

p(z) = lim oy, (2),

yaoBaeTBopsonumit coornomenunio p(z) = zwe(p(z)). Yemy mo
HENPEPBIBHOCTH (PYHKIHAU p HAJIO 1M00KATH p(1)7?
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8. llycts BerBammiica mpomecc lanbrona-Barcona mocrpoen 1mo
cayJdaimnoit Beswauue &, WMEIONEH MPOU3BOIAIITYI0 (DYHKITHATO

¢(s) =1—3+/1—s. Haiinure
a) BEPOATHOCTH BBIPOZKICHUS [IPOIECCa;
6) mponsBOAANLYIO (DYHKIMIO OOIIEro Ync/Ia 9aCTHIL TTPOIECCa;

B) BEPOATHOCTHL TOTO, UTO B mporecce 66110 Beero 10 wacru,
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3. IIpomnecchl ¢ HE3ABUCUMBIMU
npupamieHuamu. IlyaccoHoBckuii mporiecc

Crenyromme fBa mpUMepa CAyYalHBIX TPOIECCOB, KOTOPHIE MbI
pasbepeM (IyacCOHOBCKHUIT TPOIECC B HACTOAIIEH TIaBe W BUHEPOB-
CKUil IPOIECC B CJeAyOIeit riase), aB/IsiiOTCS MTPOIECCAMU ¢ He3a-
BUCUMBIMU IIPUPAIIEHUSIMUA.

A Omnpenenenne 3.1. Tlpomecc (Xt > 0) HasbiBa-
eTCsI  MPOUYECCOM € HE3ABUCUMBIMY  NPUPGUEHUAMY,  €CJIA
vn € N V0O < ¢t < ... < t, ciydJaiiHble BeJIHYHHBI
X, — Xy, ,y. ., Xy, — Xy, Xy, He3aBUCHMBL B COBOKYIIHOCTH.

OrMernM, 9TO B Cydae TUCKPETHOTO BPEMEHH TTPOTECC C He3a-
BUCHMBIMU IPUPAIIEHUSIMI SIBJISIETCS HE 9eM WHBIM, KaK CAyJaifiHbIM
Buryzxanuem. Tem cambIM, IPOIECCH] C HE3ABUCUMBIMU [IPUPAIIEHN-
MW €CTECTBEHHO PACCMATPHUBATH KakK 0000IIeHre CIIyYaiHbIX Oy K-
JTAHUN I HETPEPBIBHOT'O BPEMEHN.

B Teopun caydaliHBIX MPOIECCOB BayKHENIIYIO POJTb UTPAIOT BO-
TIPOCHI CYNITECTBOBAHNUS MPOIECCOB. [1es10 B TOM, YTO COBMECTHBIE PaC-
Npe/iesIeHus CaAyYaiiHbIX Besinunt X, He MOT'YT ObITH YK COBCEM IIPO-
U3BOJILHBIMH, & JOJIZKHBI OBITH B OIIpeJIesIEHHOM POJE COIVIACOBAHBI.
LLas TpotieccoB ¢ He3aBUCHMBIMU NPUDANIEHUAMA KPUTEPUI CyTIie-
CTBOBAHUSA 3BYYUT CJIEAYIOMUM O00PA3OM.

Teopema 3.1 [lycmv V 0 < s < t 3adano Q)5 — pacnpede-
aenue sepoamuocmeti na (R, B(R)) ¢ xaparxme-
pucmuseckol pynkyued s, nycms Qo — mak-
oKce HeKomopoe pacnpedeaenue epoAmHocmets Ha
(R, B(R)). Tozda npoyecc (X;,t > 0) ¢ nesasucu-
MUMU NPUPAUEHUAMUY U YCAOBUAMU

Xt—ngQs,t VO<S<tUXOgQO
cywecmsyem < VO0<s<u<t,VreR

Ps,t(T) = Psul(T) - Pu(T). (4)
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Heobxoaumocts yenosus () mourn ouesugHa n3 CBOACTB Xapak-
TepucTUIeCKUX (DYHKINI, HO OKA3BIBAETCS, ITO €10 JOCTATOUHO s
YCTAHOBJIEHUS CYIIECTBOBAHUS TIPOIIECCA.

[IepBLIM TIPOLECCOM ¢ HE3ABUCHMBIMHU IPHPAIICHUAME HAIIEro
Kypca SBJISIETCd yacCOHOBCKUI TIPOIECC.

A Onpenenenune 3.2. Coyuaiineiit mporuecc (N, t > 0) Ha3bIBa-
eTCS NYACCOHOBCKUM NPOUECCOM urmercuenocmu X > 0, ecin BbI-
TIOJTHEHBI TPpU yCJIO0BUA

1. Ng=0mm;
2. N, umeer HE3aBUCUMbIE TTPUPAIICHUST;

3. Ny — Ny ~ Pois(A(t — s)), Vi > s > 0.

A 3azaua 3.1. /lokaxkurte, 9YTO IMyacCOHOBCKUI IIPOIECC CyTIie-
CTBYET.

Perrenne

PaccMoTpuM o,y —  XapaKTEPUCTHIECKYIO  (DyHKITHIO
Pois(A(t — s)). Torpa

¢s.t(T) = |ympaknenne| = eAt—5) (e —1).

Orcioga BugHo, yto Vs < u < t, V7 € R

ou(T)  Pui(T) = @st(T)-

Buaunt, BeimosHeHo yeiaoeue (4) w, mo reopeme 3.1 o cy-
IECTBOBAHUHU TMPOIECCOB € HE3ABUCUMBIMY TPUPAIICHUSMHE,
TyaCcCOHOBCKHI TTPOITECC CYITIECTBYET.

3asa4ua pemiena.

[TompobyeM MOHATL, KaK YCTPOEHLI TPAEKTOPUH IIYAaCCOHOBCKOIO
nportecca. 13 onpenesenusa MOXKHO CAeaTh Caeayiomme HabJome-
HUA:

e rtpaekTopun nenouncyaennse: Ny ~ Pois(\t) = N, € Z,, t > 0;

e Tpaekropuu HeyoOwBatomue: Ny — Ny, > 0, ¢ > s.
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[Togobubie TpaekTOpUM, KAK MBI [IOMHUM, UMEJIU MPOIECCHI BOC-
cranoB erns. OKa3bIBAETCS, U TTYACCOHOBCKUI TTPOIECC ABISIETCS Ta-
KOBbBIM, O YeM I'OBOPUT TeOpeMa O ero gBHOI KOHCTPYKIIUH.

Teopema 3.2 [Tycmo {£,,n € N} — nesasucumve odunaro-
(aBHAs KOH- 60 pacnpedeacHHvle KCNOHEHUUAALHBE CAYHAT-
CTPyKIug note seaununs, & ~ Exp(N),A > 0. Ioaoorcum
myacco- So=0,5, =& +...+&,. Toeda npouecc soccma-
HOBCKOTO nosaenusa (Xt > 0),

mpomecca)

X, =sup{n: S, <t}

ABAAEMNCA NYGCCOHOBCKUM NPOUECCOM UHMEHCUE-
HOCTU .

Teopema 3.2 1103BOJISIET BBIABUTH Psifi CBOMCTB CKAYKOB I1yacCO-
HOBCKOTO TIPOIIECCA.

e C BepositHOCTBIO 1 BCe ckauku Ny UMEOT pa3Mep POBHO 1.

e Ilycrs Y, — moment n-oro ckauka Ny. Torna Y, ~ I'(A,n) (r.e.
_ A"zt
IUTOTHOCTE PaBHA P, (T) = e I{x > 0}).
e Y, —Y, ;,n €N, — HezaBucuMbIe KCHOHEHTHATBHBIE EXp()\)
CJIy4YaiiHble BeJIUYUHBI.

3aMeruM TakKe, YTO BCE TPAEKTOPUHU MIPOIIECCA BOCCTAHOBJIEHUS siB-
JIAIOTCH HEIPEPBhIBHBIMU CIIPaBa. B 3ajade 8 caMoCTOATE IbHON pa-
OOTBI K HACTOSAIIE! IIaABe OMUCAHBI YCJIOBULA, TIPA KOTOPBIX 9TO CBO-
CTBO BCErJla, MOXKHO IIPEI0JIATraTh IPU HEOOXOIUMOCTH.

Wrak, npu perreHun 3ajad Mbl MOXKEM PaCCMATPHUBATBH I1yacco-
HOBCKHil mporiece b0 Kak MMPOIECC C HE3AaBUCUMBIMY TPUPAITEHHUSI-
MU, JIMOO KaK MTPOTIECC BOCCTAHOB/IEHU [T KCIIOHEHITUAIbHBIX CJTY-
JafiHbIX BEJWYNH B 3aBUCUMOCTH OT TOro, Kak Oyuer yypobuee. [Tpu-
BeJIeM [pUMep PUMEHEHHST OCHOBHOT'O OIpeJieIeHusT IyacCOHOBCKO-
ro nponecca (onpenesrenus 3.2) 119 HAXOKICHUST KOBAPUAIIMOHHOM
GhDYHKIMH 9TOTO MPOITECCA.

A Onpepenenne 3.3. Tlycrs (X;,t € T') — cayuaiinbit mporecc.
Torna
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o bynknua a(t) = EXy, t € T, nasweiBaercs @ynkyueti cpedrezo
mporiecca X;;

o bynukmua R(s,t) = cov(X,, Xy), s,t € T, HazpiBaeTCSA KOBAPU-
auuorHol Pynkyuets mporecca X;.

A 3anaua 3.2. Haiiaure QyHKINUIO CPEIHErO M KOBAPUAIMOH-
Hy10 (DYHKIMIO [yacCcOHOBCKOTO mporiecca (N, t > 0).

Perrenne

3aMerum, 4To U3 ONpeJie/eHns 3.2 MyacCOHOBCKOTO MIPOIIECca
BoiTekaer, uro N; ~ Pois(At). Bnauur, s aroboro ¢ > 0

Hamnee, ipu t > s

cov(Ny, Ng) = cov(N; — Ny, Ny) 4+ cov(N, Ny) =
|N; — Ny u N, HezaBucuMbl|
=0+ cov(N,, N,) = DN, = As.

B obriem ke ciydae MBI TIOJIyYaeM, 9TO

cov(Ny, Ng) = Amin(t, s).

3agava periieHa.

A 3agaum A9 caMOCTOITEILHOTO PENIeHUs

1. Mycrs (X;,t > 0) — mporecc BOCCTAHOBJIEHNUS, OCTPOEHHbI
no {&,,n € N}. Bepno Jn, uro nporiecc X, Bcerma nMeer Hesa-
BUCHUMBIE TTPUPAITEHUST]

2. Ilyere N* = (N}t > 0),...,N* = (N}, t > 0) — ne3zaBucn-
MbI€ IIyaCCOHOBCKHUE MPOIECCHI (T.€. HE3ABUCUMBIMY SIBJISIOTCS
HNOPOXKIEHHBIE UMU 0-aare0phl), npudeM N’ mMeeT WHTEHCHUB-

k i
HOCTH ;. Jlokazkure, aro mporecc Ny = ) - | N} Takxe spiis-
€TCS IIyaCCOHOBCKHAM, U HAMIATE €r0 HHTEHCHBHOCTD.
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N
. Bagan mpornecc {Y; = > &, t > 0}, e (§,,n € N) — HezaBu-
j=1

CHMBIe OJIMHAKOBO DPACIIPeIe/IeHHbIE CJIyJaiiHbIe BEJIUYINHbBI, HE
3aBUCAIINE TaKyKe OT MyacCOHOBCKOro mporecca N = (Nt >
0) unrencusnocrn A. Jlokaxkure, 9T0o mponecc Y; umeer Hesa-
BHCHMBIE IPAPAIICHUA.

. ycrs (€,,n € N) — He3aBucnMble SKCIOHEHINATIBHBIE CIIy-
yafiHble BEJUYUHBI ¢ mapameTrpoMm A, S, = & + ...+ &,, a
N = (N;,t > 0) — nponecc BOCCTAHOB/IEHUST, TIOCTPOEHHBIH 110
HUM (ITyaCCOHOBCKUII MPOIECC MHTEHCUBHOCTH \). [l Kax 10-
ro t > 0 obosnaunm V; = Sy, 1 —t (“nepeckox”) u U; =t — Sy,
(“Hem0CcKOK”).

a) Borauciaure Beposirnocts P(V, > v, U, > u).
6) Hokaxwure, uro V; n U; — Hezasucumbl 1 uro V;, ~ Exp(A).

B) Beraucaure dbyukimio pacipenenenns Uy u EU;.

. IIycrs N = (N, t > 0) — myacCOHOBCKHIA TIPOIECC HHTEHCUBHO-
ctu A. Hafinure maremaTtnaeckoe OXHUIAHWE UNUCIA TAKUX €r0
ckaukoB Ha orpeske [0, 7], aro

a) B UX TPaBOil G-OKPECTHOCTH HET JPYIHX CKAIKOB (3Ta
OKPECTHOCTb MOYKET BBIXOJUTH U 32 MPeJIe/bl OTPE3KA ),

6) B ux JIEBOIl G-OKPECTHOCTU HET JAPYTUX CKAYKOB.

. ycrs (Ny,t > 0) — nyaccoHOBCKMil TIPOIECC WHTEHCHBHOCTH
A. Haitaure npenen mu. N/t ipu t — +00.

. JokazkuTre, 9T0 y MyacCcOHOBCKOTO mporiecca (g, t > 0) unTeH-
cuBaOCTH A > () HE CyIECTBYeT HENPEPBIBHON MOAupUKAIINN,
T.e. He cyIecTByer Takoro nporuecca (X, t > 0), 910 s Kax-
goro t > 0 ¢ BeposgtHOocThIO 1 X; = N; m BCce TpaekTopun X,
HEIPEePHIBHBL.

Bameyvanue. Ipouyece (Yi,t € T) nasweaemcs moduduraru-
eti npouecca (X, t € T), ecau das awbozo t € T svinoaneno

. ycrs X = (X, t > 0) — rakoit cayvaiinbiii nponece, st Ko-
toporo P(X, < X;) =1 upu 0 < s <t < co. Ipeanosnoxkum,
910 X HeIpepbIBEeH 110 BEPOSITHOCTH CIIPaBa B KaxKJIOW TOYKe
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s moynpsimoii [0,00), T.e. X; cxoaurca no BepostaocTH K X,
korga t — s+ 0. okaxwure, uro y X cymiectByer Mmonnduka-
s, IMEIOIIAA I.H. HeyOBIBaIOIIIe TPACKTOPHAHN, HEIIPEPBIBHLIC
CIIpaBa.

Vraszanue: cnavansa nado ycmanosumo ymeepocienue u3 ana-
auda. IMycmo f(x) — maxas dynrkyus wa [0,1], wmo ona ne
YOBIGaEm no PAYUOHANLHBIM Moukam. Jloxadcume, 4mo mozda

dynxyua f(x), onpedeaennas xax f(x) = lim  f(r), as-
r—z+0, reQ

AAEMCA HENPEPHIGHOT CNPABA U HeyObLeaIULe.
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4. T'ayccoBckue mporieccbl. BunepoBckmit
mporiecc

B »sT10it my1aBe MBI paccMOTpPUM e€Ille OAWH BaXKHBI IIpUMep
CAYJANHBIX MTPOIECCOB — BHHEPOBCKUII MPOTECC. DTOT MPOIECC He
TOJBKO FBJISETCH MPOIMECCOM C HE3aBUCUMBIMU TTPUPAITIEHUSMHI, HO
TaKXKe OTHOCUTCA K KJIACCY TayCCOBCKUX.

A Onpenenenne 4.1. Cuyuwaiinsiii npouecc (X;, ¢t € T) naswr-
BAETCH 2GYCCOBCKUM, €CJT BCE ero KOHEYHOMEDHBIE PACIPEIeIeHus
— rayccoBckme, T.e. ;g aoboro n € N n gobbix ti,...,t, € T
caydaiinbiii BekTop (Xy,, ..., X, ) sIBISIETCS] TayCCOBCKUM.

HamowmawM, 9To pacnpenesieHne raycCOBCKOT0 BEKTOPa OJTHO3HAYU-
HO ONIPEIEISIETCS 10 MaTEMATHICCKIM OXKUAaHIEM U MATPUIel KO-
Bapualuii. 3HAYUT, KOHEYHOMEPHBIE PACIIPE/IeJIEHUs] T'ayCCOBCKOTO
MpOTIecca OJHO3HAYHO OITPENEJIsiIoTCs (DYHKIMEN cpeHero u KOoBa-
puanmonnoii pyuxnmeit. Kakumu ke CBOfICTBaME 0/ 2KHBI 00/12/1aTh
9T QYHKIUU, ITOOBI TaKOil mpotiece cyrecTBoBa! OyHKIUS Cpel-
HEr0 MOXKET OBITh IIPOU3BOJILHON, & BOT KOBapHAIMOHHAS (DYHKITHS
obs3ana 00/1a/1aTh CBOMCTBOM HEOTPUIATEIBHON OIPEIETEHHOCTH.

A Omnpenenenne 4.2. Oyukiua f(z,y),z,y € T, npuanma-
omas JefiCTBUTEIbHBIE 3HAYEHUS, HA3BIBACTCH HEOMPUUGTNEALHO
onpedesennoti va T X T, ecniu Vn Viy,... t, € T Vz1,...,2, € R

BBITIOJTHCHO
n

Z f(ti,tj)ZiZj 2 0.

ij=1

Jlemma 4.1 Kosapuayuonnan ¢ynxyus R(s,t) aobozo cay-
4alHoe0 NPOUECCa ABAAECMCA HEOMPUYATMENLHO
onpedescHtot U CUMMEMPUUHOTL.

OkaswiBaercs, nepeuncaennbie B jgeMMe 4.1 cBoiicTBa ABIAIOTCA
HE TOJBKO HEOOXOAMMBIMHU, HO W JIOCTATOUYHBIMU JIJIS TOrO, YTOOBI
dyukims ObL1a KOBAPUAIMOHHOM JI/1s HEKOTOPOTO CAYJaiiHOTO PO~
mecca. Creayrormast TeopeMa TOBOPUT O TOM, 9TO MOLOOHBIN TTPOIECe
MOKeT ObITh BBIOpaH JaskKe TayCCOBCKIM.
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Teopema 4.1 Ilycmoe T — wmexomopoe muooscecmso, a : T —
R — wuexomopas dynkuyua u R T xT — R —
CUMMEMPUNHAA U HEOMPUUAGMEALHO onpedenen-
naa gyuxyua. Toeda cywecmeyem sepoammnocm-
noe npocmpancmeo (2, F,P) u maxot eayccos-
ckutt npoyece (X, t € T) na wem, wmo Vs, t € T

a(t) = EX; u R(s,t) = cov(Xs, Xy).

A 3apaua 4.1. JlokaxkuTe, 4TO CYIHIECTBYET T'ayCCOBCKUI TPO-
necc (X;,t > 0) ¢ myneBoit dpyHKumed CpesHEro u KOBAPUAIIMOHHOM
dbyuximeit r(s,t) = min(s, t).

Pewmenue. Cornacuo Teopeme 4.1, 10CTATOYHO TPOBEPUTD,

q10 yHKIUA 7(s,t) = min(s,t) ABISETCS HEOTPUIATEH-
HO oupezeseHuoit. s 9roro paccMorpuM cieyomee HH-
TerpaabHOe IIPE/ICTABICHIE:

“+o0
min(s,t) = / I[OJJ (.T})I[O’s] (x)dx
0

Tornma maa a0bbix ty,...,t, € Ry, 21,..., 2, € R BeimoiHeno

oo

Z min(t;,t;)zz; = /I[Ot]( ) ot,( r)dr | 225 =

ij=1 ij=1

3

( 0t]( ))(Zj_[m’tj](l-))) do —

(V Ot]( )) dl‘}O.

OrmeTuM, 9YTO 3aJad9y MOYKHO PEIIUTh M IO0-JAPYyroMY, $BHO

7
0
/(>
0
3amaua pemieHa.

27



OPEIbABUB  CAyYafHBI IIPOIECC C KOBAPUAIMOHHOW (QyHKITHEH
min(s, t). TTogo6HBIM IPOIECCOM CIIyKUT ITyaCCOHOBCKHII MPOIECe
uHTeHCHBHOCTH 1. BrophiM moaxopsimum  mporieccoM  (KOTODBIA,
KaK Mbl yBUAUM HUXKE, B OTJIAYNE OT IIyaCCOHOBCKOTO IIPOIIecca,
rayCCOBCKUIT) ABISIETCA BUHEPOBCKUIT MPOTIECC, TAKYKE HAZBIBAEMBbIi
IpoTIeccoM OGPOYHOBCKOI'O JTBUKEHUS.

A Omnpepenenue 4.3. Cayuaiinsiii mponece (W, t > 0) HasbIBa-
eTCa BUHEPOSCKUM (MU Npoyeccom GPoYHO6CK020 J8UNCEHUA), €CIH
BBITIOJTHEHBI CJICAYIOIIUE TPU yCJIOBUA:

1. Wy =0m.m;
2. W, umeeT He3aBHUCHMbBIe TPUPAIIEHNT;

3. Wy — Wy ~N(0,t—s),Vt >s>0.

A 3anaga 4.2. JlokakuTe, 9TO BHHEPOBCKHII MPOIECC CYIIe-
CTBYET.

Pemenune

[Mycrs @, ¢(7) — xapakrepucruueckast dynkuus N(0,¢ —
s),t > s. Torna

—%Tz(t—s) — —%Tz(t—u—%u—s)

wei(T) =€ e

Suaunt, Vs < u < t,Vr € R

sit(T) = @s.u(T) - Pun(T).

[To KpuTepnio CymecTBOBAHMS IMPONECCOB C HE3ABUCHMBIMU
npupameansimu (reopema 3.1), BuHepoBcKuit nponece cyiie-
CTBYeT.

3aja4ua pemieHa.

Mogenh BUHEPOBCKOTO TIPOIIECCa BITEpBhIe OblIa Tpemaoskena, JI.
Baresse 8 1903 rojy miist Mozie/iupoBanus KoJiebaHUil KypCcoB aKkIinii
Ha 6upxke. C TOro BpeMEHM JAHHBIN [IPOLECC CTAJ OQHUM W3 LIEH-
TPAJILHBIX B TeOpUn BepOHTHOCTefI, OH aKTHUBHO TIPUMECHACTCA JIJId
MOJIEJIUPOBAHUS Xa0TUYECKOTO JIBUKEHUS.
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[Tepeiinem K 00CYXKIEHNUIO CBOWCTB BUHEPOBCKOTO IIPOIIECCA.
A 3amaua 4.3. JlokaxxkuTe, YTO BUHEPOBCKWH MIPOITECC ABJITETCS
TayCCOBCKHM.

Permrenune

IIycre tq,...,t, € R,. Ham nHeobxoaumo mokazaTh, 4TO
BexkTop (Wy,,..., W, ) aBiserca rayccockuM. Bygem cum-
TaTh, 9T0 t; < ... < t,. 3aMeruM, 9TO B CHJIy ONpeje/ie-
HUs BHHEPOBCKOI'O IIpollecca, caydaiiHble Bejudauusl W, —
Wi, oo, Wy — Wy, W, He3aBUCHMBL U UMEIOT HOPMaJIbHOE
pacmpenenenne. Crano 6biTh, BekTop (W, —W, ... W, —
W,,, W,,) siBasiercst rayccoeckum. Bexrop xxe (Wi, ..., W, )
ABJAeTCd ero JIMHeHHBIM IpeoOpa3oBaHUeM, 3HAUNAT, OH TOXKe
rayccoBckuil u mporecc W, gBasgeTca raycCOBCKUM.

3angadva perieHa.

Pa3z BunepoBckuit mporiece aBisieTCst TAyCCOBCKUM, TO BaYKHO BbI-
YUCJUTh €r0 KOBAPUAITMOHHY0 (DYyHKINIO U (DYHKIUIO CPETHETO.

A 3agaua 4.4. Hafigure (QyHKINIO CpeTHETO W KOBAPUAITHMOH-
Hyto dbyHKImII0 BuHEpoBCcKOTo mporecca (Wi, t > 0).

Perrenne

3amMerum, UTO U3 ompeaeneHus 4.3 BUHEPOBCKOTO IPOIIECCa
BoiTekaer, ato Wy ~ N(0, t). Smauwnr, ais moboro ¢ > 0

EW, =0.
Hamnee, ipu t > s

cov(Wy, Wy) = cov(W, — Wy, Wy) + cov(W,, W) =
|W, — W, u W, nezaBucnmbl|
=0+ cov(W,,W,) = DW, = s.

B obmiem ke ciyuae Mbl oJIydaeM, 9To
cov(Wy, W) = min(t, s).
3asaua pemiena.
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layccoBocTh BHHEPOBCKOI'O HPOIECCa IMO3BOJIsIET COPMYJIUPO-
BaTh €r0 BTOPOE SKBUBAJEHTHOE OIIPEIeICHUE.

Teopema 4.2 [Ipouecc (Wi, t > 0) asasemca suneposckum <
BHINOAHENDL MPU CEOTCMBA:

1. Wy — eayccoscrkut npouecc;
2. EW, =0Vt >0;
3. cov(Ws, W) = min(s, t) Vs, t > 0.

OTMeTnM, 9TO BTOPOE OTIPeIeJIeHNE, UCTIOIB3YIOIIEE TayCCOBOCTb,
3a9aCTYI0 TOPa3mo yaobHee /s TPOBEPKY TOTO, 9TO HEKOTOPBIN TPO-
Iecc sBJSeTCS BUHEPOBCKUM, BEJIb TTPOBEPUTH TO, YTO MPOTIECC SB-
JISIETCS TAYCCOBCKUM, YacTO OBIBAET IIPOIIE, YEM IPOBEPUTH CUIBHOE
CBOMCTBO HE3ABUCUMOCTHA MPUPAIIEHUIA.

A 3apaua 4.5. [Tycrs (Wy,t > 0) — Buneposckuii npouecc. lo-
KasKUTe, 9TO TPOIECC

B, :t-W%I{t >0}
TaK>Ke ABJIAETCA BI/IHepOBCKI/IM.
Perrenne
[IpoBepuM BTOpOE OTpeieieHne U3 TeopeMbl 4.2,

1. Vti,...,t, > 0 Bexrop (By,,...,B,) sBasgercd
JIMHEHHBIM IpeobpasoBaHueM TIayCCOBCKOTO BEKTOPA

(Wﬁ7 cey Wﬁ) Buauur, (By,, ..., B, ) — rayccoBckuii

BEKTOp, a B; — rayccoBckuit mporecc.

2. EB, = 0Vt > 0.

3. cov(By, B,) = cov(tWyi,sWi) = tsmin(;, ;) =
sy = min(t,s) Vt, s > 0.

3uaunt, 10 Teopeme 4.2, mporecc B; gBaseTcs BUHEPOBCKUM.

3asa4ua pemieHa.
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B zaknaiouenwe Tembl 00OCynmM CBOHCTBA TpaekTOopuil BuUHE-
poeckoro mporiecca. CHawama maauM ONpeeaenne MOANMUKATIAN
cJIydafiHoro mpoiiecca, ¢ HOHATHEM KOTOPOI MBI yzKe CTaJIKHUBa/IUCh
B 3ajiade 7 CAMOCTOATENBHON paboThl K TPEAbIAYINEH TIaBe.

A Omnpepesienne 4.4. Ilporece (Y, ¢t € T') nasviBaercsas modu-
Purayuet mporecca (X, t € T), ecan

VteT P(X,=Y,)=1.

Bakneitmmuvmu csoiicrBamu tpaextopuit (Wi, t > 0) siastorcst
CJIETYTOTITHE.

1. TpaekToprunr BHHEPOBCKOTO IIPOIECCA HEMPEPBIBHLI C BEPOST-
HOCTBIO 1, TOYHEe, ¥ HETO CyIIeCTBYeT MOJAM(DUKAIINS, BCE TPa-
eKTOPUH KOTOPOIi HEMPEPHIBHBI (T.H. HENPEPpuieHas MoOuPura-

UUA).

2. C BepogtHocThio 1 Tpaektopua (Wi, t > 0) we nuddepentin-
pyeMa HEU B ofHOH Touke R, .

3. BeimostHeH 3aK0H MOBTOPHOTO Jorapudma, T.e.
Wi >
Pllimsup ———==1) =1,
( tﬁ+oop V2tinlnt
rje limsup f(¢) = lim | sup f(s)

li
t—+o00 t——+o0 SZt

Ilepeuncaennnie cBOHCTBa TOKA3BIBAIOT, ITO BUHEPOBCKUI MPO-
1ECC AefCTBUTEIBHO MOJEIUPYET Xa0TUIECKOE JBUKEHNE (TPAEKTO-
pHs HEPEPBIBHA, HO COBCEM HE TJIAJKast), a “pasmax’ OTK/IOHEHWs
OT HYJIs BO BpeMmeHu mMmeeT mopsaaok V2t Inlnt.

A 3agayum Oy CaMOCTOSTEJIbHOIO PEeIIeHUs

1. Mycrs (Wi, t > 0) — Buneposckuii mpouecc. Jlokaxkure, 9To
CJIEJIYIONINE MIPOIECCHI TOXKE BHHEPOBCKUE:
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a)
6)
B)
r)
. yers (Y, t € [0,1]) — rayccoBckuii mporecc ¢ HyJIeBOif
dyukumei cpegrero u kopapuanuoHuo# QyHkumed r(s,t) =
min(s,t) — st. Jlokaxkure, 9TO TAKOH MPOIECC CYIIECTBYET U

gro npouecc (X; = (t + 1)Y; 11y, t > 0) ABngeTcs BUHEPOB-
CKUM.

X, =-Wy

X, = \/EWt/cy c>0;

Xy =Wipa — Wa, a > 0;

X, =W, I{t <T}+ 2Wr —W)I{t > T}.

. Myers W}, ... W@ — HezaBuCHMbIe BUHEPOBCKHE ITIPOIECCHI.
Jlokaxure, 9To ¢ BepoaTHoCcThI0 1 mpomiece W, = (W, ... W§)
(MHOTOMEPHBI BUHEPOBCKUIT MPOTIECC) BBIHIET U3 MIapa npons-
BOJILHOTO (DUKCHPOBAHHOIO PaJAyca I ¢ IEHTPOM B HyJE HPO-
cTpancTBa R

. Mokazkute, 9ro cymecTByer rayccoBckuii mporece X = (X, t €
R?) ¢ mynesoit dbyHKIMEH cpefHEro 1 KOBapHAUMOHHOM (yHK-
nuen

d
R(s,t) = H min(sg, tx),
k=1

re s = (S1,...,84) € RL, t = (t1,...,tq) € RL.

. ycrs (Wi, t > 0) — Buneposckuii nponecc. JJokaxure, uro ¢
BEPOATHOCTHIO 1 €r0 TPaeKTOpHs MMeeT HeOTPAHWICHHYIO Ba-
PHAIMIO Ha OPOU3BOJILHOM OTpe3ke [a,b] C Ry, T.e. uro

n
sup E Wiy — Wy, | = 400 mH.,
T 4
i=1

rie T ={a=ty<...<t,=>b} — pasbuenue orpeska [a,b|.

. Mycrs (Wi, t > 0) — Buneposckuii mpomecc. Jns kaxo-
ro n € N paccmorpum pasbuenusi orpeska [a;b] Toukamu
a = tho < tya < ... < tunw = b, e N(n) € N
AT(n) = maxg—o, ;N (tnkr1r — tax) — 0 mpm n — +oo.
TMonoxwum U, = Zg:(g)_l(WtMH — W4,..)?. Haiigure mpenen
B CpeJHEM KBaJpaTHICCKOM BenmdauH U, KOTaa n — —+00.
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7. TlycTh moc/ie10BaTeIbHOCTL OJIOKUTENBHBIX uucen {t,,n €
o0 —1/2

N} Taxoma, uro Y .o t-1/2 < oo. JlokazkuTe, WTO TOI/A

Wi, | — 400 mu. ¢ pocrom n. 3necs (Wi, t > 0) — Bume-

POBCKUII IPOIIECC.

8. Ilycrs (X;,t > 0) — rayCcCOBCKMIt MPOIECC CO CTAIIMOHAPHBIMMA
HE3ABUCUMBIMA TPUPAIIEHUSMHI (CTAIMOHADHBIE MTPUPAICHST
03HATAIOT, 9TO pacrupeaenerane X, — X, 3aBUCUT TOJBKO OT t —
s). Jlokaxkure, 9T0 HafiyTCa Takue KOHCTAHTHI a,b € R, aro
nporiecc Y; = (X; — at)/b sByisieTcss BHHEPOBCKUM.

9. Mycrs {&,,n € Z, } — nezasucumbie N(0, 1) caygaiinble Beu-
annbl. Jlokaxkure, 9T0 mpoIece

ot 2 = sin(kt)
S

SIBJISIETCS BUHEPOBCKUM Ha oTpe3ke [0, 7] (psis MoHnMaeTcs Kak
IpeJIesT 9aCTUIHBIX CyMM B L?).

Yraszanue: nado paszroocums dynxyuwo I g(x) 6 pad Pypve
no opmonopmuposarnoti cucmeme na [0, 7], cocmasaennol us

\/gcos(k‘x).

33



5. MapKoBcKue MOMEHTBI

C ToYKM 3peHMd NPUJIOKEHUN I[I0JI€3HBIM SBJISETCH aHAJNU3
TIOBeIeHNs] CIyvIaifiHOTO Tpollecca B CaydaliHble MOMEHTHI BPEMEHMN.
B mamnoMm pazzene Mbl PACCMOTPHM BaXKHEHUIITWH TOM00HDBIN KJIaCC
CyIaffHBIX MOMEHTOB, HA3BIBAEMBIX MAPKOBCKUMHU. LI 3TOTO HAM
TOHAIOOUTCS BBECTH DS OTIPEIEeHMIA.

A Omnpepgesienne 5.1. [lycrs (2,5, P) — BepositHOoCTHOE TPO-
crpancTBo. MuOx)ecTBO o-anrebp F = (Fy,t € T), tae T C R, Hasb-
BaeTcs guavmparuet (nav nomoxom o-aazebp) uva (Q,F, P), ecan

Vs<t, s,teT: F,CF,CTF.

OuUAbLTPAIUIO MOXKHO TTOHUMATh KaK MOTOK nHMOPMAINN, KOTO-
pblﬁ yBeﬂI/IqI/IBaeTCH C TeYCHNEM BPEMECHMH.

A Ompenenenne 5.2. Chyuaiinsii nponecc (X;,t € T) na-
3BIBAETCS cozaacosanmuvim ¢ bunasrpanneit F = (F,,t € T), ecan
vVt € T X, apasiercsd F;-U3MepUMBIM, TO €CTh

O'(Xt) :?Xt ngt'

OTKynaa MOXKET TOSIBUTHCA (DUIBTPAIAS HA, BEPOSTHOCTHOM MPO-
crpancTse? Hec/10:KHO NOHSATE, UTO € JHOOBIM CJYYIaARHBIM TPOIIECCOM
MOKHO CBSI3aTh HEKOTOPYIO (DUJIBTPAINIO, KOTOPAas HA3BIBAETCI €0
€CTEeCTBEHHON PUILTPAIIHAEI.

A Onpenenenune 5.3. Ecmecmsennoti rusbmpanyuet; mporecca
(Xy,t €T), T CR, nazbizaerca FX = (FX .t € T), vae

F¥ =0(X,, s<t,seT).

OueBujiHO, 9TO JIHOOOI MPOMECC COTVIACOBAH CO CBOEH €CTECTBEH-
woit punbTparnmeti. Temeps MbI TOTOBBI BBECTH MTOHSITHE MAPKOBCKOTO
MOMEHTA OTHOCUTEJIbHO (PUIBTPAIINN.
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A Onpenenenne 5.4. [Tycre T C R. Orobpaxkenue 7 :  — T'U
{+00} HasBIBaETCH MAPKOBCKUM MOMEHMOM OTHOCUTEIHHO (DUITH-
rpamun F = (F,t € T') ma (Q,F,P), ecsin Vt € T BbIIOTHEHO

{r <t} € F.

Ecau, k Tomy ke, BoinosHeno P(7 < +o00) = 1, To T Ha3biBaercs
MOMEHMOM OCMAHOEKYU OTHOCHTENHHO F.

Hedopmaabubiiit cMbIc onpegeseHns MapKOBCKOIO MOMEHTA CO-
cTouT B cuaeaytomiem. Ilycth 7 — caydafiHblii MOMEHT HACTYIJIEHWS
HEKOTOporo cobbiTust B poriecce (X, t € T'). Torma T Oyner aBasiTh-
CA MAapPKOBCKHM MOMEHTOM OTHOCHUTECJ/IBHO eCTeCTBEeHHOM CI)I/IJIpra—
mmm Tportecca Xy, ecan aya Vig € T MOXKHO OJHO3HATHO CKa3aTh,
HACTYIIMJIO yKe T K MOMEHTY BPEMEHHU o WU ere HeT (TO ecThb
T to M T > to?), 3HAas JUIIB 3HAUEHUS Tporecca X; 0 MOMEHTA
BpeMmenu ty BKAIOYIUTENBHO. [IpuBemeM mpuMep, WLIIOCTPUPYIOTITHI
TOAOOHBII TPUHITHII.

A 3agmaua 5.1. (X,,,n € N) — neficTBUTebHBI CTydaiiHbIH TPO-
necc. JTokaxure, aro torja VB € B(R)

75 = min{n : X,, € B}
ABJIAETCH MAPKOBCKIM MOMEHTOM OTHOCHTEThHO FX.
Perrenne

JIeTKO 3aMeTUTh, |UTO

{5 <n U XkeB}GS"X.

e?xcﬁx

3amavua pemieHa.

VYuursiBag 3amady 5.1, Jerko npuBeCcTH IPUMEP HEMAPKOBCKOTO
momenTa. Hampumep, paccMorpum

75 = min{n : X,,;, € B}.

JlaHHBIT MOMEHT [IjIsi IPOM3BOJILHOTO MIPOIECCa yKe He Oyrner map-
KOBCKNM, Bejib cobbitie {X,, 11 € B} MOXeT He IpHHaIexKaTh dJie-
MeHTy buabTparmu FX .
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C MapKOBCKMM MOMEHTOM MOXKHO CBA3aTh CUTMa-aaredpy coObl-
T, “mpousoremmx 10 MoMenTa BpeMmenu 7. [lanum dopmaabHoe
OIIpe/ie/IEHNE.

A Onpenenenue 5.5. Ilycth 7 — MapKOBCKWiIT MOMEHT OTHOCH-
renpao F = (F,t € T). Torna curma-airebpoit F, Ha3bIBACTCS

F,={AeF:VteT {r<t}nAeTF}

[lepeuncaum ocHOBHBIE cBOiicTBa J ..
1. ¥, — aeficrBuresnsho o-ajrebpa, npudem F, C F.

2. Cayuaiinas BesmaumHa 7 (BOOOINE rOBOPS, PACUWUPEHHAA, TAK
KaK MOXKET IIPUHUMATH 3HAYCHUE +OO) n3MepruMa OTHOCUTEIb-
"o F..

3. Ecim 7 =t = const, To F, = F,.

[Mepetizem K TPUIOKEHUSIM MAPKOBCKUX MOMEHTOB K BUHEPOB-
ckomy mporeccy. CHadana mpuBesieM (QOPMYIUPOBKY HECJIOKHOIO
YTBEDXKICHUS (KOTOPOE YaCTUIHO YIKE BOILIO B CAMOCTOSTETbHYIO
paboTy K mpomuioil ryaBe), HA3BIBAEMOTO MAPKOBCKAM CBOHCTBOM,
KOTOpOEe MOKAa3bIBAET, YTO €CJAM OCTAHOBUTH BUHEPOBCKWI MPOTIECC
B Jir060i1 (DUKCUPOBAHHBIM MOMEHT BPEMEHU U 3allyCTUThH BpEMS U
[TOJIO2KE€HME 3aHOBO, TO HOBBIN IIPONECC TaKKe Oy1eT BUHEPOBCKUM.

Jlemma 5.1 Iycmo (W, t > 0) — suneposckuii npoyece. Tozda

(mapkos- Ya > 0 npouecc

CKOe CBOIi-

CTBO BUHe- X, = Wt+a - Waa t >0,
POBCKOTO

ABAACTNCA BUHEPOSCKUM U HE 3ABUCUTN OM, CUZMA-
anzebpo, FV (m.e. o(X;,t > 0) ne sasucum om
FW).

nporiecca)

EcrecTBenubiii BOmpoc: MOXKHO JiM 3aMEHUTH ¢ HA CAyJaliHyIO
pesmunny? OKa3bIBAETCs, YTBEPK/IEHNE OCTAHETCs] BEPHBIM, €CJIU G

36



3aMEHUTh Ha MOMEHT OCTaHOBKHM OTHOCUTEJIHLHO €CTeCTBEHHOM (I)I/IJ_[]:)—
Tpallui BUHEPOBCKOTO IIpolecca. BoJiee Toro, mogobHbI (hakT Bepen
JUIST TIeJIOTO KJIACCA, IPOIECCOB, HA3bIBACMBIX IponeccaMn Jlesn.

A Onpegnenenne 5.6. TIponece (X, ¢t > 0) nassiBaercs npouec-
com Jlesu, ecu OH IMeeT He3aBUCHUMBIE CTAIIMOHAPHLIE IPAPAICHHUS
u X =0 (n.u.). Cmayuonaprocms npupawerudi O3HATAET, ITO JJIs]

d
sobbIx t, s, h € Ry Beimoaneno Xy, — X, = Xy — Xogn-

Torma mmeer MecTo CiiemyroIiee 3aMevIaTeIbHOE CBOMCTBO, HA3bI-
BaeMoOe CTPOr0 MapKOBCKHUM.

Teopema

5.1 (cTporo
MapKOBCKOE€
CBOICTBO)

Iyemoy (X, t > 0) — npouecce Jlesu ¢ nenpepuis-
HOLMU CNPAGA MPAEKMOPUAMYU, & T — MOMEHM
ocmanosky omuocumesvno FX | ecmecmeennoti
durempayuu npovecca X. Toeda npouecc Y =
(Yi,t>0), ede

}/t:Xt-‘rT_XT? t>07

UMEETM ME 2HCE KOHEUYHOMEPHLIE DPACNPEIEAEHUS,
wmo u X, G maksce He 3a6UCUM OM CULMA-
anz2ebpor F .

Kax MBI TOMHUM, BUHEPOBCKUH TPOITECC TMEET HEMTPEPHIBHYIO MO-
JuUKAINI0, a [TYAaCCOHOBCKHUI IMPOIECC — HEMPEPBIBHYIO CIIPABA.
Tem cambiv, TeOopeMa TPUMEHUMA K HAM ODOKM.

BTOprM 3aMeYaTeJIbHBIM YTBEPZKAECHNEM O MOMEHTAX OCTaHOBKN
ABJIAETCA IIPUHIUII OTPazKeHHdA OJId BHHEPOBCKOI'O IIPDOIIeccCa.

Teopema 5.2
(mpuHIAD
OTpakeHusl)

ITyemv (Wi, t > 0) — suneposcruti npoyece, T —
momenm ocmanosku omuocumenvho FV . Tozda
npouecc (Z,t > 0), 2de

th t< T,

Zt —
2WT — Wt, t> T,

ACAACTNCA BUHEPOCGCKUM.
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Kaxmne mapkoBcKme MOMEHTHI ObLIO OB MHTEPECHO PACCMOTPETH
B CB#3M C BUHEPOBCKuM mporeccom? Mbr pacemorpum 7, = inf{t :
W, = x} — mnepBblif MOMEHT BPEMEHU JIOCTHKEHHUS ypOoBHA T € R
BHHEPOBCKIM IIPOIIECCOM.

A 3amauva 5.2. Jlokaxkure, 4TO0 T, — MOMEHT OCTAHOBKH
OTHOCHTEJILHO €CTeCTBeHHOM (DUILTPAITIN BUHEPOBCKOI'O MIPOIECCA.

Permenue

Bynem canrars, uto Tpaekropun W, menpepsisabl u x > 0 (B
ciydae x < 0 pemrenne anajorngno). Torma

{7, > t} = |ucnosb3yeM HempepLIBHOCTHL TpaeKTopuii| =
={Vs<t: W, <z} =

:U{Vs t: W, < x—llc}:

k=1

oy N{w.camifear
k=1 s€Q k ,
T egwegw
Buauur, paz {1, >t} = Q\ {7, <t} € F¥, to 7, — map-
KOBCKMiT MoMeHT oTHOCcHTe bHO FY . 13 3aKoHa MOBTOPHOTO
JorapugMa BBLITEKAET, 9TO ¢ BEPOATHOCTHIO 1 TpaexTopust W,
pacrer BBEPX HEOIDAHUYEHHO. SHAYMUT, HalJIeTcsd Takoe t, 4o
W, = x, u, crano 6w, P(1, < +00) = 1.

3aja4ua pemieHa.

C moMoTIIpIo cIydaliHO BEJTUYIUHBI T, MOXKHO HAUTH PACIpeesie-
HUE MAKCHUMaJIbHOTI'O 3HAYEHUS BUHEPOBCKOTO IIPOLECCa HA OTPE3Ke

[0,¢]. OBosnaunm M; = max W,. Bamernm npocryio csasb My ¢ 7,:
s<t

{M, >z} = {1, <t}
B kadectBe ciencTBua MBI moydaeM, uTo mporecc M, aBisiercs co-

IJIACOBAHHBIM C €CTECTBEHHON buibTpalnueii BAHEPOBCKOTO HPOIIECc-
ca.

Jst oboro > 0

C TTOMOIIBIO TIPUHOWIIA OTPAYXKEeHNA MO?KHO OThICKaTh COBMECTHOE
pactpeaeneane M, u W,.
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Teopema 5.3 /s awbox x,y,t = 0 svinosmero:

W3 ngammoit TeopeMbl MOYXKHO HAHTH PaCIpemeseHne CIydaiiHoil

penmauubl M; = max Wi.
s€[0,t]

Teopema 5.4 Bunoaneno pasercmseo no pacnpedescHuio
(Bamresibe)

M, £ |W,|.

A 3agaya 5.3. okaxure Teopemy barnenne.

Perrenne

PIM;>y)=P(M; 2y, W, <y)+P(M, >y, W, 2 y) =
= |reopema 5.3 ¢ x = 0 J/Is IEPBOiT BEPOSITHOCTH,
{W, =y} C {M; > y} nna Bropoit| =
=P(W,>y)+PW,>y)=2P(W, > y) =
= P(W| = y).

3amaua pemieHa.

A 3agaum A9 CaMOCTOSTEILHOTO PENIeHUs

1. MMycrs 3amana duasrpamus F = (F,,n € N), a 7,7,... —
MapKOBCKME MOMEHTHI oTHOocuTEnbHO F. Jlokaxkure, 9TO CIIy-
YaliHble BEJINYNHBI

m m

g Tk, HTk, sup 7, inf 7y
k

k=1 k=1 k
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TO2KE ABJIAIOTCA MaPKOBCKUMU MOMECHTaMW OTHOCHUTEC/IBHO F.

. Iycrs 3amana dunprpanus F = (F,,t > 0), a 74,72, ... — Map-
KOBCKME MOMEHTHI oTHOCHTe bHO IF. Jlokakure, uTo

m

Tr, ma
Z ke 21
k=1

TO2KE ABJIAIOTCA MaPKOBCKUMW MOMECHTAMW OTHOCHUTEC/IBHO F.

Lm

Tk min Tk
k=1,....m

. a) Ilycrb 7 — MapKOBCKHUIT MOMEHT OTHOCHTETHHO (DUIBTPAIIIH
F = (F,t€T), rme T C Ry. lokaxwure, uro T sBasierca F, -
M3MEPUMON CIIyYaiHOW BEJINUYUHOM.

6) IlycTs T — MapKOBCKUiT MOMEHT OTHOCHTEJIBHO (DUIIBTPATAN
F = (F,,n € N), a cayqaitasiii nporece (X,,,n € N) cortaco-
Ban ¢ F. JTokaxure, uro X, asasierca F -u3MepumMbiM (Camura-
em, aro X, = 400, ecnm T = +00).

. Ilycrs s3amana dunsrpamma F = (F,te€T), T C R, na
(Q,F,P). Hokaxknre, 9T0 JI/IT MAPKOBCKUX MOMEHTOB O, T OT-
HocurespHo F u g moboro A € F,. BBEIIOJIHEHO

An{r <o} eF . NF,.

Sameuarnue. B xanecmee cAcICmeus NoAYHaem, 4mo ecau T <
o, moJF, CTF,.

. ycrs (W;,t > 0) — Buneposckuii nporecc, a 7, = inf{t :
W, = x} — mepBblit MOMEHT jocTuXKenusi ypoBHst x. C momMo-
B0 TeoPeMbl barenbe BEIIUCINTE MIOTHOCTE T, U ET,.

. Iycrs (Wy,t > 0) — Buneposckuii mporecc. [lomoxum 7 =
min{t : W, = y} nna mexoroporo y > 0. Haiigure mwioraocTs

CTyIafiHOl BemHuHbl Y, = SUupP¢(; - 4q Wi

. Hycrs (Wi, t > 0) — Buneposckuit npouecc. Jlokaxkure, 4To
g a106bix 0 < a < b < ¢ < d ¢ BepodaTHOCTHIO 1 BBIMIOIHEHO

max W, # max W,.

s€[a,b] s€[c,d]
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Sameuarue. Tem camvim, PadymHo onpedeseHa 6eAUHUHE

T[a,b] = arg 312[3}5] Wsa

MOMEHN, BPEMEHU JOCTNUNCEHUA MAKCUMYMA Ha ompeske [a, b].

. Haifinure pacupenenenne ciydaiinoit semuunnl T = Tjo 1) u3
npeabLtyieit 3aja4qn. A uMenHo, jpokaxure, 9ro aug t € (0, 1)

1
P(T <t) = = arcsin V.
T

. ycrs (W, t > 0) — BuHepoBcKmit mporece, a u > s > 0.
Haitaure

P (W, ne umeer nyseii va orpeske [s,u)) .
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6. MapTuHraabl

BoJibinrast gacTb 0CTaBHINXCS TV1AB HACTOLAIIETO y4eOHOr0 11ocobusd
MTOCBSIIEHA, PA3JIUYHBIM KJIACCaAM CJIYYaflHBIX MPOIECCOB, Haubosee
BAXKHBIM C TOYKM 3PEHWd TPWIOKEHWH. B mpemplaymmx TIaBax
MBI YK€ PacCMOTPeNN MPOIECChl C HE3ABUCUMBIMHU TTPUPAIIEHUSMA
¥ TA&yCCOBCKMe MPOoTiecChl. B 3Tofl TuraBe peds oigeT 0 MapTHHTAIAX.

A Omnpepenenne 6.1. [Tycts T C R. TMponece (X, ¢t € T) naswr-
BAETCS MAPMUHZAAOM OmHocumeavno dusvmpayuu F = (Fy,t € T),
ecIn

1. X, cornacosan c [F;

2. X, senserca L'-npoyeccom, T.e. Vt € T E|X;| < +o0;

3. E(Xy|Fs) = X, mn. Vs < ¢, s,t €T.

A Ompepenenue 6.2. Ecin BMecTo ycioBusi 3 BBITIOJHEHO
E(X:|Fs) > X, nm. Vs<t, s, tel,

TO TIporecc X; HaA3BIBAETCH cYOMaApMuH2ai0m OoTHOCUTENBHO F.
Ecnm xKe BMECTO yCIIOBHA 3 BLITTOJTHEHO

E(Xi|Fs) < Xy mu. Vs<t, s,teT,
T0 X; HA3BIBAETCS CYNEPMAPMUH2AAOM OTHOCUTETHHO F.

CybMapTuHrajbl ¥ CynmepMapTUHTAJBl — 3TO MAPTHHIAJIBI “Ha-
nosioBuny”. Jlasg MapTuHrajgoB ycjaoBue 3 O3HAYAET, 4TO (DYyHKITHS
cpemuero gapisercs nocrosunoit, EX,; = EX, Vs, t € T.

A Omnpegnesnenne 6.3. Mapmunzanamu (6€3 yrazauus GpuibTpa-
1un) Gy/IeM HA3BIBATH MAPTHHTAIBI OTHOCUTETBHO WX €CTECTBEHHOM
duspTpanuu.

Kakue xe mponeccer siBasirorcs Mapruarajamu?! Cremyromnas
Teopema, JIaeT KPUTEPUil MapTUHTAJIbHOCTH JIJIsl TPOIECCOB C He3a-
BUCUMBIMU [TPUPAINEHUASIMHE.
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Teopema 6.1 Iycmo (X;,t € T) — L'-npoyecc, umerousud
nesasucumvie npupawerua. Toeda X; — mapmun-

2an < EX; = const, m.e. pynuxyua cpeduezo no-
CMOAHHG.

Hecnoxuo npoBepuTs, uTo ecian HYHKIUS CPETHETO He YOBIBAET,
TO TIPOIECC € HEZABUCUMBIMU TTPUPAIEHUSIMHU ABJISIETCA CyOMapTUH-
rasioMm. Ecim e oHa He BO3PACTAET, TO TOTIa — CYIEPMaPTHHTAIOM.

Teopema 6.1 cpa3y maer HaM HECKOJIBKO XOPOIUX IPUMEPOB Map-
TUHTAJIOB.

1. Buneposckuii mponece (Wy,t > 0) — mapTuHras.

2. (S,,n € Z,) — cnyuaiinoe 6ayxaanue, S, = & +...+&,, & —
HE3aBUCHMBIE Corydaiinbie Beqmunnbl, E|¢;| < +00. Torma S, —
maprunras < Vi EE = 0.

3. Ilyaccomosckmii mporiecce (Ny,t > 0) — cybmapTuHTal.

4. Tlycrs &,, n € N — He3aBuCcuMble HEOTPULIATEIBHBIE CJyUaii-

HbIe BeJW4uHnl, S, = & - ...-&,. Torma S, — mapTuHrana
< E¢ =1 nna Beex .

A 3anauga 6.1. [Iycrs & — cayuaiinas seqmunna, E[E] < +oo,
F = (F,t € T) — dunsrpanums. JTokaxure, 910 mpouecc

X = E(ﬂgft)

ABJIAETCA MapTI/IHFaHOM OTHOCUTEJIBHO IF
Perrenne

IlepBrie 1Ba yCIOBUA OYEBUIHEL.
IIycrs t > s.

E(X:|F,) =E (E(a&z) ffs) =|rx. T, C Fy| =
= E(|F,) = X, (m.n.).

3angava perieHa.

Mapruaranas n3 3amagn 6.1 TPpUHATO HABBIBATE MAPMUH2AAGMU

Jesu.
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A 3agaua 6.2. Ilycrs (X, t € T) — MapTUHrag OTHOCHTEIHHO
F = (F,t € T), a h(x) — rakas Bbinykjas KHU3Yy QYHKIMs, 9TO
E|h(X:)| < oo. Jokazknure, 9To mporecce

Y = h(Xy)
ABJIACTCA Cy6MapTI/IHI‘aJIOM orHOCUTE/IbHO [F.

Perenne

Samerum, uTo (byHKIUS h sABjigeTcss OOpEIEBCKOil, pa3 oHAa
BRIIYKJTast. B ycaoBuUM 33/1a9m CKa3aHO, 9TO CYIIECTBYeT KO-
HCYHOC MaTEMAaTHYCCKOC OXKHUJIaHHue }/;, 3HAYUT, BBITTOJIHEHO
VCIOBHE 2 W3 OlpeleseHNs MapTHUHTAJA. YCJIOBHE COTJIACO-
BaHHOCTH 1 09eBMIHO M3 coriacoBaHHOCTH mpoiecca X;. Ilo-
KaxKeM, UTO BBITIOJHEHO ycjaoBue 3. [t 3Toro BoCmoib3yem-
sl HEPaBEHCTBOM LleHceHa /g YCIOBHOTO MaTeMaTHIECKOTO
OXKUTAHUS:

E(Yi|F,) = E(h(X,)IF,) > h(E(X.[F.)) = h(X,) = Y, ().

3agadva periieHa.
B cayuae auckperHoro BpeMenn cBoiicTBo (3) us ompeesenns 6.1
JIOCTATOYHO IIPOBEPATH TOJbKO JIj1si COCEJHUX MOMEHTOB BPEMEHU.
A 3amaua 6.3. Tokaxnre, uro L'-nponece (X,,,n € Z, ), corna-
coBanHblii ¢ durbrparueit F = (F,,n € Z,), apisgerca MapTHHTa~
JIoM oTHOCHTEIbHO [F Torma u Tosibko Toraa, korma Vn E(X,|F, 1) =
X, (mm.).
Penienue

B upsmyto cropony Bce ouesuino. Ilycrs n > k, Torga, uc-
TOJIb3yd CBOMCTBA YCAOBHOTO MATEMATUIECKOTO OYKUITAHWUS,
TTOJTyIaeM, ITO
E(X0|F%) = E(E(Xn|Fna1)|Fo) =
=E(X,_1|Fr)=...
= E(X}C+1|C'Fk) = Xk (HH)

3aga4a pemieHa.
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Paccymorpum n1Ba BakHBIX CBOMCTBA MapTUHTA0B. IlepBbiM siB-
ngerca pasnoxkenune Jlyba—Meitepa s TpOU3BOIBHBIX ITPOTIECCOB €
IHUCKPETHBIM BpeMeneM. /st ero popMyIupoBKE HaM IOHAT0OUTCS
IOHSITHE IIPEICKA3YEMOro IPOLECCa.

A Omnpenenenne 6.4. Tponecc (X,,,n € N) asrgerca npeo-
crxasyemuim oTHOCUTETHHO dbuabrpanun (F,,n € Z,), ecm X,
u3MepuM oTHocuTeabHo F,,_1 s Bcex n € N,

Teopema 6.2 ITycmwv (X,,n € Z,) — L'-npouecc, cozracosan-
(passoxe- wol ¢ puavmpayuet F = (F,,n € Z,). Tozda
aue Jly6a— cywecmeyem eQUHCTNEEHHOE DA3A0NHCEHUE 6UOA

Meiiepa) X M.+ A

2de M,, — mapmunean omuocumenvno F, (A, n €
N) — npedcxasyemvitc npoyecc ommocumeavmo F,
a Ay =0 n.mn.

Bamernm B cBsI3M ¢ TeopeMoit, uro nporecc (X,,n € Z, ) aBiser-
¢ cyOMapTHHIAJIOM OTHOCHTEILHO [F TOrma M TOMBKO TOrIa, KOTIa
B ero pasyiokenun Jlyba-Meiiepa mocjenoBareibHOCT A, SBJISIETCS
I.H. HeyOBIBAIOIIEiA.

Bropoe cBoiicTBO CBHA3BIBAET MAPTUHIAJIBI C MaPKOBCKUMH MO-
MEHTAMU W HA3BIBAETCS TEOPEMOil 06 OCTAHOBKE.

Teopema 6.3 [Tycmo (X,,,n € Z,) — L'-npouece, cozaacosan-
(reopema 06 nwil ¢ guavmpayuetd F = (F,,n € Z,). Tozda
octaHoBKe) X, AGAACMCA MAPMUHRAAOM (CYOMAPMUNZAAOM)
omnocumenvho F & das mobwx 7,0 — o2paru-
YEHHDIT TOYMU HAGEPHOE MAPKOGCKUT MOMEHMOE
omnocumenvno F maxuz, wmo 7 < 0 N.H., 6BNOA-
HEHO
EX, = (<) EX,.

TeopeMa 00 OCTAHOBKE O3HaYa€T, 9TO CpeaHee 3Ha4YeHue B CJIy-
YaliHblE MOMEHTHI BpEMEHN y MapTHHIaJIa OCTa€TCA TeM 2Ke, 9TO U
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B Hecaydalinbie. BoJsiee TOro, 9T0 CBOMCTBO 3KBUBAJIEHTHO CBOHCTBY
MapTUHTAJIBHOCTH.

MOXKHO JT OTKA3aThCs OT OTPAHUIEHHOCTH MAPKOBCKHUX MOMEH-
ToB? OKa3bIBAETCS, HET.

A 3anaua 6.4. llpusenure npumep maprunrana (X,,n € Z,) u
TAKUX MaPKOBCKHX MOMEHTOB T, 0 OTHOCHTEJLHO €r0 eCTeCTBEHHOM

dunprpanuu, uro EX, # EX,.

Pemenue

PaccMoTrpum mpocreiiiiiee cuMMeTpUYHOE CITy daliHoe BJIy K 18-
HIte Ha TpsMoit (S,,n € Z;) n noaoxuM 7 = min{n : S, =
1}, 0 = min{n : S, = 2}. Torna S,, — maprunrasu, HO

ES, =1<2=ES,.

3aga4a pemieHa.

Tewm me menee, TeopemMa 06 OCTAHOBKE MIPUMEHNMA, B CIY9Iae, KOTIA
MApKOBCKHE MOMEHTBHI HE OTPAHUYEHBI, HO OTPAHUYEH CaM MPOTECC
JTO HEKOTOPOTO MOMEHTa BPEMEHH.

JIemma 6.1 Hyemo (X,,,n € Zy) — mapmunzans OMHOCUMens-
noF = (F,,n €Z,), a T — mMoOMENM OCMAHOSKU
omuocumenvro F, npuvem e > 0 maxas, wmo

Vn ez, |Xmin('r,n)| <ec.
Toeda EX,. = EX,.

[lepeiiem Kk 06CYXKIEHUIO aHAJOTOB TEOPEMbBI 006 OCTAHOBKE JIJId
CIydasi HETPEPBIBHOTO BPEMEHHU. 3/1eCh MAPKOBCKUE MOMEHTHI HY K-
HO 3aMEHUTH Ha OIIUOHAJILHBIC.

A Omnpegnenenne 6.5. Orobpaxkenue 7 : Q — [0,+00] Ha-
BLIBAETCA ONUUOHAALHBIM MOMEHMOM OTHOCUTETHLHO (DUILTPATIAN
F=(%t>0), ecn

Vi 0 {w:7(w)<t}eTF,.

46



HpI/IMepaMI/I OIINMUOHAJIbHBIX MOMEHTOB MOT'YT CJ/IYZKUTbH IICPBbLIC
MOMEHTBI IOIIaJaHudA IIPOIeCCa B OTKPBITHIC MHOXKECTBA.

A 3agaua 6.5. Ilycrs (X, t > 0) — mporece ¢ HEIPEPHIBHBIME
cpaBa TpaekTopuamu, a G C R — oTkpeiToe MHOXKECTBO. Tormaa

7 =inf{t: X; € G}
ABJISIETCST ONIUOHATLHBIM MOMEHTOM OTHOCHTENBHO FX .

Permrenune

JlocTaTovIHO 3aMEeTUTh, UTO B CHJIY HENPEPLIBHOCTH CIIPaBa
TPaeKTOPHUIl polecca

{r>t}= () {X.¢GyeF
s€Q, s<t

3agava periieHa.

Teopema 6.4  Ilycmo (X, t > 0) — mapmunzas omuocumenvro
F = (F,t > 0) ¢ nenpepusnvmu cnpasa mpaek-
mopusamu. Tozda ¥ 1,0 : 7 < 0 (n.n.) — oepanu-
YEHHDIT ONUUOHANDHDIL MOMEHTNOE OMHOCUMEND-
1o [ svinoanero

EX, =EX,.

A 3agaum 119 CaMOCTOSTEILHOTO PENIeHUs

1. Mycrs (Wy,t > 0) — Buneposckuii mpouecc. Jlokaxkure, 9To
nponecc Y; = W72 — ¢ aBasgercs MapTHHTAIOM OTHOCHTETHLHO
ecrecTBeHHOl buapTpaiun nporecca Wi.

2. Ilycrs (Wy,t > 0) — Buneposckuii mpotecc. Haiiire Bce rakue
mapel (a, ) € R?, a0 mpouecce

(X =exp{aW,+ pt}, t >0)
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SIBJISIETCA  MAPTUHIAIOM (CyOMApTHHIAIOM, CylepMapTHHIA-
JIOM) OTHOCHTETLHO €CTeCTBEHHOH (unbrparum mpornecca Wi.

Alyers &1,...,&,,... — Takag MOCTEA0BATENBHOCTD CJIy-
9afiHbIX BEJAWYWH, YTO id 0000 M CYMIECTBYET ILIOT-
HOCTH f,(Z1,...,2,) caydaitHoro Bektopa (i,...,&,). Illycrs
My-vesNny- .- — JAPYTas TOCAETOBATENLHOCT CIYUIARHBIX Be-
JIMYWH, TPUYEM TAKXKE I JI000ro 1N CyImecTByeT TIOTHOCTH
gn(x1,...,2,) caydaiinoro Bektopa (1i,...,7,). Joxkaxkwnre,
9TO TPOTIECC

Xn — gn(&la cet 7£n)
fn(flv v 7€n)
ABJIGdETCA MapPTHUHTAJIOM OTHOCUTEJIBHO (bI/I.Hpra]_[I/H/I

(Fn=0(&,...,&), n €N).

. Iycrs (W, t > 0) — BUHEPOBCKMIT MPOTECC, & T — MOMEHT
OCTAHOBKU OTHOCHTE/IHLHO €r0 eCTeCTBEeHHOHN (uabrpanuu. o-
KaXKUATE, U4TO MPOIIECC

(Xt = VVmin(t,T% t> O)

ABJIACTCA MaPTUHT'AJIOM OTHOCHUTEJ/ILHO ecTeCTBEeHHOU (bI/I.H])Tpa-
mm mportecca, Wy,

Vraszanue: Hado annpokcumMuposamv T MOPKOSCKUMU MOMEH-
MAMU C KOHEYHBIM YUCAOM SHAYEHUTL.

. yers (X,,n € Z,) — serBamuiics mnporecc lamproHa—
Barcona ¢ 3akonoMm pasmuoxkenust uacrur Pois(3). Haitaure
paznoxenne /lyba—Meitepa mag maHHOTO MPOIECCA.

. JToRazKuTe, ITO €CJIM T — MAPKOBCKUIl MOMEHT OTHOCHTETHHO
F = (F;,,t > 0), T0 T 9BAAETCA W ONIMOHAIBHBIM MOMEHTOM
otHocuTeasHo F.

. Hycrs (W,,t > 0) — BunepoBckuit nponecc, a 7 = min{t :
|W;| = 1}. Boruncaure E7.

. Iycrs (S,,n € N) — npocrefimee cnydaiinoe GiyxkaaHue ¢
BEPOSTHOCTRIO Tara Bapaso p. Ilycts a < xz < b — mnenwie
qucia, a X, = ¢+ 5, n > 1. Oboznauum 7 = min{n : S,, €
{a,b}} — momenT BhixOga nponecca X, u3 10J0Ckl. Beraucaure
ET.
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7. MapkoOBCKHE TIPOIECCHI

B nacrosieit riiaBe Mbl paccCMOTPUM OJIMH U3 Hambojiee M3BECT-
HBIX KJACCOB CIYYAHBIX TPOIECCOB — MAPKOBCKHE TTPOIECCHI.

A Ompenenenne 7.1. Ipouece (X, ¢t € T), T C R, nassiBaercs
Maprosckum oTHOCHTENbHO buabrpanuun F = (F,,t > 0), ecmn X,
coriacoBan c Fu Vs <t (s,t € T),Vf — orpanndennoii 60peIeBCKoii
QYHKIMK BHITTOJIHEHO

E(f(Xt)|5ts> = E(f(Xt)|Xs)~

MapxkoBckuMn poreccaMu 6e3 yKa3aHnsa (pUIbTPAINA HA3hIBAIOTCS
MapKOBCKHE TIPOIECChI OTHOCUTENIHLHO CBOEH eCTeCTBEHHONH (Muib-
TPAIANU.

CMBIC/T ONPEeJIeIeHnsT MAPKOBCKOTO NPOLECCa COCTOUT B TOM,
uTo pacupesenenue “Oymymero’ (X;) 3asucur or “npomtoro” (F;)
TOJBKO depe3 “Hacrosmee” (X,).

Kaxkue mporeccsr sBisitorcss mapkoBckumu? Jljis oTBera Ha, 1mM0-
JIOOHBIN BOIPOC I0JIE3HO NPUMEHSTH SKBUBAJIEHTHBIE OINPE/IEICHIS
MapPKOBCKOTO IIPOIECCa.

Teopema 7.1  Caedyroujue c60UCMEA IKGUBAAECHHDL:
1. (X4, t € T) — maproscrut npoyecc,

2.Vm, Vs1 < -+ < s, <s<t, Vf — oeparu-
yeHHol BOPesceckolt PYHKUUU SBINOAHENO

E(f(Xt)|XS7XSm7 cee 7Xsl) = E(f(Xt)|Xs)5

3.Vm, Vs; < -+ < s, <s <t VB e BR)
6blNOAHEHO

P(X; € B|X,, X,,.,.... X,,) = P(X, € B|X,).

[Tepsbiit Kj1aCC TPOIECCOB, KOTOPBIH IOJHOCTHIO BXOJIUT B KJIACC
MapKOBCKWX TIPOITECCOB, — 3ITO MPOIECChl C HE3ABUCUMBIMU TPUPA-
MEHUSTMHA.
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Teopema 7.2  IIpoueccor ¢ HE3QBUCUMBIMY NPUPGULLHUAMY AG-
AAWOMCA MAPKOGCKUMU.

Teopema 7.2 cpa3y gaeT HaM HECKOJILKO XOPOIINX IPUMEPOB Map-
KOBCKUX TIPOIIECCOB:

e Buneposckuii nponecc (W, t > 0);
e nyacconockuit mporecc (N, t > 0);
e ciyuaiinoe OuyKTaHnue HA MPIMOIL.

A 3anaua 7.1. [lokaxkure, uro BeTBsimuiics nporecc lanbrona—
Barcona (X,,,n € Z, ) gBAS€TCS MapKOBCKIM.

Perenne

Bynem monb3oBaThed ompeiesienneM 3 U3 TeopeMbl 7.1.

P(Xn:j‘Xn—l :m,...,X1 :Cl) =
anl

=P Zgi(n):j‘Xn,lzm,...,Xlza ==

i—1
=P fon) :j‘Xn,l =m,....,. X1=a] =
i—1

= |¢") we 3aBucar or X, k< n—1]
=P Z@(”) = j | = |ananorngno| =
i=1

=P(X, =j|X,_1 =m).

Buauur, P(X, = j|X,_1,...,X1) = P(X,, = j|X,_1) u npo-
LECC HBJLeTCH MaPKOBCKIM.
3agadva periieHa.

B orauime oT mpolieccoB ¢ HE3aBUCUMBIMU TPUPAITIEHUSIMHA, TAYC-
COBCKUE IIPOIECCHI TAJIEKO HE BCEI/A SBJ/ISIOTCS MapKOBCKuMU. Kak
MBI TIOMHUM, pachpeeieHne TayCCOBCKMX MPOIECCOB 3aBUCUT OT
KoBapuarnuonuo#t dbysaknuu. EcrecTBeHHO 0XKUJATH, 9TO CBOMCTBO
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MapKOBOCTH JI0JIZKHO (DOPMYJIMPOBATHCH KaK HEKOTOPOE YCJIOBUE
Ha KOBApHUAIMOHHYIO (DYHKIINI. DTO YCI0BUE CGHOPMYIUPOBAHO B
cJIeIyIoleil TeopeMe.

Teopema 7.3 ITycmov (Xt € T), T C R, — zayccosckuti npo-
yece ¢ Kosapuayuornol dynryuet R(s,t). Tozda
X ABAACCA MAPKOBCKUM M020a U MOABKO MO-
2da, xoeda Vs < u < t, u,s,t € T, svnoanero
PABEHCTNEO

R(s,u) - R(u,t) = R(s,t) - R(u,u).

O6mupHBIe UCCHEIOBAHUS MAPKOBCKUX IPOMECCOB CBS3aHBI C
W3YYEHUEM TIePEeXOIHBIX (DYHKITHI.

A Omnpenenenne 7.2. Iycrs T C R. @yuxuma P(s, x,t, B), rue
s,t €T, s <t,xz € R, B e B(R), nazeipaercst neperodnot gynryuet,
econ

1. Ilpu durcupoBanubIX S, z,t P(S,x,t,-) ABIsETCS BEPOSITHOCT-
HOT Mepoit Ha R.

2. Tlpu dukcuposanubix s,t, B dyukmus P(s, -, t, B) aBmserca
OOpEIeBCKOIL.

3. llput=s

P(s,z,s,B) =0,(B) = I{x € B}.

4. Ilpu s < u < t, s,u,t € T, x € R, B € B(R) BoIOIHACTCS
ypasnenue Koamozoposa-Uenmena:

P(s.a,t, B) = / P(s,z,u,dy) - P(u,y.t, B).
R
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A Onpenenenne 7.3. Mapkosckuii nponecc (X, t € T) obaa-
daem nepexodnol gynryuet P(s,xz,t, B), ecan

P(X; € B| X, =z) = P(s,z,t,B)

PXS—H.H. OTHOCHUTEJIIBLHO X (T.e. noYMU OAA GCEX T U3 pacipeaeieHnd
PXS Ha R)

CMBbICJI JIAHHOTO ONPEeJIEIEHUsT COCTOMT B TOM, YTO y MapKOB-
CKOT'0 TIpoIecca C mepexomuoil (byHKImel cyiecTsyer ‘xoporrunii”
BAPWAHT YCJIOBHOTO pACHPEIETeHUs, CTOAIEr0 B JEeBOH dacTn
paseHcTBa. Bompoc o ToM, CyImecTByer i y MapKOBCKOI'O MIPOIECCca
nepexojHas (PYHKIMSA, ABASeTCa O9eHb CJIOKHBIM M J0 KOHIA He
M3Y4YeHHBIM. Brpodem, Caemyiomas 3aJad9a MOKa3bIBAET, 9TO Cama,
dbyukmusg P(X, € B|X, = x) 6umska kK TOMy, 9T0OBI 00J1aaTh
BCEMHU MCKOMBIME CBOMCTBAMU.

A 3anaua 7.2. Jokaxwure, uyro ¢yukuusa P(X, € B|X, = z)
MapKOBCKOr0 mmporecca X; obaagaer cBoiicrBaMu 1-4 mouTn 17151 BCEX
x 1o Mepe Px_.

Pemenune

CroiictBa 1-3 cjeayoT w3 CBOHWCTB YCJIOBHBIX pacipeje-
siennii. Jlokaxkem Jiniib deTBeproe CcBO#cTBO. (Obo3HAUUM
P(s,z,t,B) = P(X; € B|X: = z). Torna nasa mobbIx
s<u<t:

P(S7 XS7 t? B)

P(X, € B|X,) = E(I{X, € B}|X,) =
E(E({X, € B} X, X.)|X.) =

E(E(I{X, € B} X,)|X,) =
E(
E(

P(Xt € B‘Xu)|Xs) =
P(u, Xo,t, B)X,) (i)
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3HauuT,

P(s,z,t,B) = E(P(u, X,,t,B)| X, =z) =

= |o6ozHaunm 4epes () yCIOBHOE PacIpejiesieHne

X, mpn X, =z| = /RP(U, y,t, B)Q(dy) =
= |tx. Q(A) = P(s,z,u, A)| =

z/P(u,y,t,B)-P(s,x,u,dy) (Px,-1.H.).
R

3ama4a pemieHa.

3ajaua 7.2 03HAYAET, YTO JJIA MPOU3BOJIBHBIX MAapPKOBCKHUX MPO-
IIECCOB WMeeT MeCTO JIUIh OCIa0JeHHbBIN BapUAHT CBOMCTBA 4, cripa-
BEJITUBLII He JJTs BCeX &, a JIUIIb JIJIsl IOYTH BCeX 1o Mepe Px .

B saksrouenne gaamM onpeesenne nepexoaHoil mIoTHOCTH.
A Omnpepenenne 7.4. Ecin nepexonnas dyuknus P(s,z,t, B)
MapKOBCKOTO IPOIecca X, MMeeT BUJL

P(s,:c,t,B):/p(s,x,t,y)dy,

B

10 p(s,x,t,y) HA3BIBACTCA Nepexodnol naommocmyio mporecca X;.

B CJIEAYIOIMUX I'JIaBaX Mbl PACCMOTPHM CII€ITUaJIbHBIE IIOJKJIaCChI
MapPKOBCKHX IIPOIIECCOB — MapPKOBCKHE IICIIH.

A 3agaum A9 cCaMOCTOSTEIBHOTO PENIeHUs

1. Iycts (X4, t € T') — mapkosckwmii iportece, 7' C Ry Ilycrs s
siroboro t € T 3anana 6openesckast dyukius h,. Paccmarpua-
ercs cayuaitabiii mponece Y; = (hy(Xy),t € T). Jlokaxkure, 910
ecn h; — Oueknus s oboro t € T (cumraem, 4TO B 3TOM
caydae h, ' — Toxke GopesneBckas), To Y; — ToyKe MapKOBCKHIA
nportecc. [IpuBemure npumep MapkoBCKOro mporecca Xy u 60-
peneBckux MyHKIWMA hy, TPU KOTOPBIX TIPOIECC Y; HE IBJIACTCH
MapKOBCKUM.
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. ycrs (X4t € T), (Yi,t € T) — HezaBucuMble MapKOBCKUE
nporieccol. Bepro s, uro nporece (X; + Y, t € T') Toxe map-
KOBCKHI?!

. Bepno s, uro obmee wncao wacruny Y = (Y, = Xo+ ... +

X,,,n € Z,) serBamerocd npoiecca Lanprona—Barcona X =
& +

X,,n € Z) apasieTcsd MapKOBCKHUM IIPOIIECCOM &) OTHOCUTE b~
ny +

HO ecrecTBeHHO# duibrpanuu npomnecca X, 6) OTHOCUTENILHO

ecTecTBeHHON (huabrpaluu mporecca, Y !

. Iycrs (W, t > 0) — BuHepoBcKuii mporiecc. fBisercs u Map-
KOBCKMM Tiponece X, = W27

. yers (Wy,t > 0) — BurepoBCKHit nporecc, a 7, = min{t :
W, = x} nna x > 0. Jokaxure, uro npouecc 7 = (7,,x > 0)
ABJIACTCAd MaPKOBCKHM.

. yers (Wy,t > 0) — BunepoBckuii nporiecc. Beraucaure ero
MEPEXOIHYIO TJIOTHOCTD.

. Iyers (X,,,n > 0) — He3aBuCHMBIE CITydaiiHble BETHIHHBL C
pPaBHOMEDHBIM pachpeenenneM Ha MuOokecTBe {—1,0,1}. Pac-
CMOTPHM [POIIECC

Yn - X()X1 + X1X2 —+ ...+ anan.

Hoxaxknte, uro X, dBJIAEeTCd MapTHHTAJIOM OTHOCHUTEIHLHO
dbunbTparun

F=(o(Xy,...,X,),n €Z,),

HO HE 4dBJIdeTCd MapKOBCKHM IIPOIECCOM OTHOCHUTEJILHO Hee.
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8. MapkoBckue 1nenm ¢ AUCKpPETHbIM
BpeMeHeM

MapKoBCKIE TIenn — 3TO MAPKOBCKWE TTPOIECCHI, TTPUHNMAFOIINE
He Bosiee gem cuerHoe uwncio 3uHaveHuit. llycre X — me Gosiee dem
cuernoe MHOXkKeCTBO. st ymo0CTBa BCeryma MOXKHO CUYMTATH, YTO

6o X = {1,..., N}, mubo X = N.

A Onpegnenenue 8.1. Cayuaitabiii nporece (X,,,n € Zy) co
3HAYEHWSAMH B X HA3BIBAETCA MAPKOSCKOT Uenslo, ecan aas obo-
ro m € N, gaa mobeix k < ... < k, < k < n un anaa mro0bIx
A1y ey, ity j € X BBITOTHEHO (MapKOGCKOE C60UCMEO)

P(Xn:j‘Xk :Z,Xk :am,...,Xk :(11) = P(Xn :j’Xk :Z)

m 1

Beerma, Korma P(X, =4, X, = ap,..., X, = a1) > 0.

Omnpenenenne ozmagaer, uro “Oymymee” npomecca (X,) u ero
“mportoe” (Xy,, ..., Xy, ) HE3aBUCHMBI NpH (HUKCHPOBAHHOM “Ha-
crosimem” (X}). Takxke 3 Teopembr 7.1 caeayer, 9T0 MapKOBCKast
Lenb — 9TO MAPKOBCKMI IPOIECC ¢ He 60J1ee 9eM CIETHBIM IHUCIOM
suagenunit. PopmasbHOe yTBEPKIEHWE, O00DLACHSIIONEE 0D03HATEH-
HYIO BBIIIE HE3ABUCAMOCTH, COPMYTUPOBAHO HUIKE.

Jlemma 8.1 yemv (X,,,n € Zy) — maprosckaa uenv. [z
agy -+ -5y € X 00603HGHUM

A - {Xn =Apy ..oy Xk'+1 = ak+1}7 (“@ﬂymee”)
B ={X} = as}, (“macrogamee”)
C = {kal = Qp—1y--- ,X() = (I()}. (“HpOLHJIoe”)

Toeda P(AC|B) = P(A|B) - P(C|B).
B reopun mMapkoBCKuX rereil IPUHATA CJIEIYIONAasi TEPMUHOJIO-

THA.

o MuoxkecTBO 3HaueHM e X HA3BIBAETCS (PA306BIM NPOCTIPAH-
CMGEOM. DJIEMEHTDI EIN HA3LIBAIOTCA COCTMOAHUAMY TEIIH.
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® YCJI0OBHBIE BEPOATHOCTH

upu k < n, i,j € X HaA3BIBAKTCA NEPETOIHBIMU BEPOATNHOCTA-
MU MAPKOBCKOW IEIN.

o Ilepexoamubie BeposgTHOCTH Tpu (QUKCHPOBAHHLIX k < n 06-
pasyor wmampuyy nepexodnwxr eeposmmnocmet P(k,n) =
Hpij(k,n)Hmex, rae ¢ — HOMEp CTPOKH MATPHOBL, & j — HO-
Mep CTOJIOIA.

e Bekrop pacmpenenenus ciaydaiiaoit seamuanasl X, [1(0) =
(p;(0), j € X), rue p;(0) = P(X, = j), HasblBaercst HAuAAL-
HOLM DACTPEIEACHUEM UENU.

e Bexrop II(n) = (p;(n), j € X), rae pj(n) = P(X, = j),
€CTEeCTBEHHO OPEJIETNTh KaK pacnpedescrue Uent 6 MOMeHM
s8pement n.

Kak mb1 yBuguM gasee, BekTopbl 1I(n) ymo6HO moHMMATh Kak
BEKTOP—CTPOKH.

JIerko moHgATh, YTO KOHEIHOMEPHBIE PACIPEISTEHNT MAPKOBCKOM
eI OJHO3HAYHO OIPEIENISIIOTCA MEPEXOTHBIMU BEPOATHOCTAMA W
HAYAJBbHBIM PaCOpPeIeICHUEM.

A 3amaua 8.1. Iycrs (X,,n € 7Z,) — MapkoBCKas LENb C
HauaTbHbIM pactpesesnennem 11(0) u mepexosHbIMU BEPOSTHOCTSME
pi;j(k,n). Beraucaure P(Xy, = ap, ..., Xy, = a1) upu k, > ... > k.
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Perrenne

CortacHO MapKOBCKOMY CBOMCTBY, OIPEIEJEHUI0 YCIOBHOMN
BEPOATHOCTHU U (DOPMYJIe TOJTHON BEPOSITHOCTH,

P(an = Qpy - . - 7Xk1 = CLl) =

=[[PXe, = a1 Xe, s =aj1,. .., Xpy, = ar)P(Xy, = a1) =
j=1

- H le - a/]|XkJ 1 — Q- 1)P(Xk1 - a’l) -

- Hpaj—la] (kjfl’ k])P(Xkl = a’l) =

(Hpaj o, (K 1,k-)> X

X Z P Xk1 = CL1|X0 = (Io)P(XO = ao) =

apeX

— <Hpa] 1a; ] 1; ) Z pagal 0 kl)pa(J( )

ap€eX

3agava periieHa.

[lepeuncauM cBOMCTBA MEPEXOTHBIX BEPOITHOCTEHN.
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Jlemma 8.2 Iepexodnwve sepoammnocmu Maprosckol yenu yoo-
BAEMBOPAIOM CACOYIOUUM CBOTCMEAM.

1. 0 <p”(k,l) < 1}'

2. dan arwbwix i, k, |

> piilk,1) =1

jeX

3. pij(k, k) = d;; (m.e. 1, ecau i = j, u 0 una-
we);

4. evinoanenvt  ypasuenua  Koamozoposa—
Yenmena: ons awbor k <l <n, 1,7 €X

pij(k;n) =D pia(k, 1) - paj(l,n).

aeX

A 3amaua 8.2. Brieaure ypasuenus Koamoroposa—Yemnvena.
Penienue

ITo dbopmyse moHOIT BEPOSTHOCTH,
=Y PX,=jX =alXy=i)=

aeX

=Y P(X,=jlXi=0,X,=i)-P(X; =0|X; =i) =
aeX

= |MapKoBCKOe CBOWCTBO| =

=Y P(X,=jlXi=0a)-P(X;=a|lX; =i) =
aeX

= pialk,l) - paj(l,n).

aeX

3aga4a pemieHa.

JaHHBIE CBOMCTBA SIBISIFOTCS HE TOJIBKO HEOOXOIMMBIMU, HO U IO~
CTATOYHBIMU [IJIsT TOTO, YTODBI TPW 33MaHHBIX (DYHKINAX C TaKH-
MH CBOWCTBAMH CYIIECTBOBAJIA MAPKOBCKAad [€Nb C PABHBIMUA 3TUM
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cbyHKLU/IHM IIEPEXOJHBIMI BEPOATHOCTSAMMU. 06 s1OoM TOBOPUT TeEOpe-
Ma O CYLICCTBOBAHUU MAPKOBCKUX IICIICH.

Teopema 8.1 Ilycmv X — He 6oaee uem CUEMHOE MHONCECTNEO,
IT — pacnpedenenue sepoammuocmeti na X, a dyrx-
yuu p;;(k,n), i,j € X, k <n € Z,, ydosaemsopa-
rom ceoticmeam 1-4 u3 aemmor 8.2. Tozda cywe-
CMBYEM MAPKOBCKAA Uend ¢ Pas06vim NPOCMPaH-
cmeom X, Hawarvrvim pacnpedesenuem 11 u nepe-
TodHuMU seposmmocmamy p;;(k,n).

BaxkreimmM K1accoM MapKOBCKUX TETTEH ABIAFOTCA OJHOPOTHBIE
MapKOBCKHE IIENN.

A Onpenesienne 8.2. MapkoBcKas 1emb HA3BIBAETCS 00HOPOJ-
not, ecau p;;(k,n) 3aBucur TOIBKO OT i, j,n — k, T.e.

pij(k7 n) = Dij (O, n — k) = p”(n — k‘)
B srom ciyuae dynxnuu p;;(k) Ha3bIBAIOTCH NEPETOOHBIMU Ge-

poamnocmamy 3a k waeos, a p; = p;;(1) — nepexodnvimu
sepoamHocmAMY (3a 0dun waz).

[TpuBenem mpuMepsl OMHOPOSHBIX MAPKOBCKUX ITEIIEH.
1. Ilpocreiiiiee ciayuaitnoe biyzk/jaHme.

P(Sn = j|Sn71 = Z.a Sn72 = An—25--+, Sl = al) —

=P(S,1+& =7lSn1=10,52=a,2,...,5 =a;) =
= P(fn =J— i’STL—l =Qp_1,5-2=0p_2,...,51 = Cbl) =
HE3ABUCHUMBI
= P(fn =J— i)a

KOTOpas He 3aBHUCUT OT M, TaK Kak Bce &, — OJMHAKOBO Pac-
npeJiesieHHble. 3HAYUT, STO OJHOPO/IHAST MaPKOBCKAasl 1IETTh.
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2. Bersammuecs nporecco Iaasrora—Barcona.

P(Xn :j|Xn71 = Z'7. ..,X]_ = CL]_) =

Xn-1
=P <Z fIE:") :j|Xn71 :i,...,Xl :CL1> =
k=1
=P (Z&i’” :j>
k=1

— HE 3aBUCUT OT 7. SHAYNT, 9TO OJHOPOIHAS MaPKOBCKAA 1[EIlb.

Beegem psiam obo3HaueHM A1 MATPHUIl TEPEXOTHBIX BEPOSITHO-
CTe:

o P(k) = [|pi;(K)|

o P=P(1) = pijllijex-
Marpura P(k) HassiBaeTCst Mampuyel neperoonvr 6epoammocmed
3a k wazos, a P — mampuuet nepexodnnx seposmuocets (3a 1 waz).

OTMeTuM psij TTPOCTHIX CBOWCTB MATPHUI] TEPEXOTHBIX BEPOSITHO-
cTeil, TOHMMAas [0/l BEKTOPAMU PaclpeleeHn BEKTOPbI-CTPOKMN.

4,7€X>

JIemMma 8.3 Haa 06wz k1 € N evnoanens, caedyroujue pa-
6EHCMBA.
1. P(k+1)=P(k)- P(l).
2. P(k) = P*.
3. l(k+1) =1I(k) - P(1).
4. (k) = T1(0) - P*.

Jlemma TOKa3bIBAET, 9TO paclpeesenne OJHOPOIHON MapKOB-
CKOH IEN OIIPeIeJisieTCs JIUITh HAYaIbHBIM pacipeie/ieHneM Hu Iie-
PEXOTHBIMY BEPOSITHOCTAME 3a ofuH mar. Camy Ke Tenb 3aIacTyIo
yI00HO M300paXkKaTh C MOMOIIBIO OpueHTUPOBaHHOrO Tpada. Hampu-
mep, ycrb X = {0,1,2} u

1 0 0
Pr=|(1/2 o 1/2
0 2/3 1/3
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JlamHO# MaTpuIile COOTBETCTBYET CJEAyIOmuii rpad:

|

O
O / QO 1/3
o3 =

[Tepeiizem K OOCYXKIEHUIO MPENEJBHBIX CBONUCTB OMHOPOIJHBIX
MapKOBCKHUX memneii. /[y 9Toro BBemeM MOHSTHS CTAIMOHAPHOIO U
IpeIeILHOIO paclpese/ednii s MaTpHUIl IePeXOJHLIX BEPOITHO-
creit.

A Omnpegenenne 8.3. Pacupenenenne II = (7,5 € X) Beposit-
HocTeil Ha X Ha3LIBAETCS CMAUUOHAPHBIM TSI MATPHIIB] IEPEXOTHLIX
BeposiTHOCTEN P (I/IJ‘[I/I A4 MapPKOBCKOM LLeHI/I), ecsu

[I=1II- P,
T.€. VJ eX i = Zaex TaPaj-

Tepvun “crarmoHAPHOCTE’ XOPOITO WJLIIOCTPUPYET TOT (haKT,
UTO eCIM HavaabHOe pachpejeserne 11 apisercs cralimoHapHBIM, TO
Vn II(n) = II. Jeitcreurensro, II(n) = 11(0) - P* =11 - P* =11, T.e.
pacrmpesesieHue e He MEHIETCS CO BPEMEHEM.

A Ormnpenenenne 8.4. Pacmpenenenne BepostHOcTed 11 =
(7;,7 € X) HA3BIBAETCS NpPedesvHbiM ISt MATPUIIBI IEPEXOHBIX Be-
positHoCcTel P, ecnm mjist ioboro HavamapHoro pactpeaenenust 11(0)
BBITIOJTHEHO

II(n) =II(0) - P" — II, n — oc.

[IpenesnbHOE pacmpejiesieHrHe — 3TO TO paclpejiesieHne, K KOTO-
POMY pacmpeneseHue Mem CXOANTCH, HE3aBUCUMO OT HAYATHHOTO.
Cucrema B HEKOTOPOM CMBICTe “3a0bIBaeT’, W3 KAKOTO HAYATBHO-
IO COCTOSIHUS OHA ‘CTapToBaJia’, U CXOAUTCH B IIpejesie K OIHOMY
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n ToMy ke paciipejiesenuto. Koneuno, 1pejiesibHOE pacupe/jiesieHue
ropasno BajKHee W MHTEPECHee, 4eM CTAIlMOHAPHOE, OSHAKO BTOPOE
MCKATh HAMHOI'O TIPOIIE U yI00HEee — JOCTATOYHO PEIIUTH OTHO JIU-
HeitHoe ypaBHernne. OTHAKO OKA3BIBAETCS, UTO BO MHOTUX CJYJasIX
9TH JIBa pacnpesenerus coBmagaoT. CBA3bIBAET WX YTBEPKIEHUE,
Ha3bIBAE€MOE 3PrOIUYECKON TeOopeMOil.

Teopema ITyemov (X,,,n € Z,) — 00H0podnas maprosckas
8.2  (spro- uenv ¢ mampuuet nepexoduvir eepoammocmet; P
JAmdecKast u pazosvim npocmpanemeom X = {1,... , N}. Ec-
Teopema) AU CYULECTNEYEM MaKoe Ny, 4IMO

mo cywecmsytom wucaa (T1,...,Ty) cO caedyio-
wumu ceoticmeamu: Vj € X

Uy > 0, Zﬂ'j = 1, lgm pU(TL) =T Vi e X.
jeX

A Onpenenenune 8.5. Pacnpenenenne I = (mq,...,7x) u3
3ProAMyYecKoil TeopeMbl HasblBaeTcd apzoduneckum njs P.

Crenyromiast 1eMMa ITOKa3bIBAET, UTO 3PTOANIECKOE PACTIPEIETIE-
HUE ABASETCH OMHOBPEMEHHO W CTAIMOHAPHBIM, U MPEIETHHBIM.

Jlemma 8.4 B ycaosuaz speoduneckoti meopemwt apzoduneckoe
PACNPEEncHUE ACAAETCH U NPEICALHBM, U eOUH-
CMBEHHBIM CINAGUUOHEDHBLM.

[IpuBemeM nmpuMep MPUMEHEHWS SPTOINIECKON TEOPUH.

A 3amaua 8.3. Nmerorca gBe ypHBI, COAEPKAIINE B HAYATHHDIN
MOMEHT BPEMEHW COOTBETCTBEHHO kq 1 ko TTApOB, pudem ki +ky = k.
B Kkax/plif MOMEHT BpEMEHH N ¢ BEPOATHOCTHIO 1/k BBIGHpaercs
OJINH W3 9THUX IIAPOB W IIEPEKJIAIBIBACTCI U3 TON yPHBI, Tj€ OH Jie-
xaja, B apyryio. Ilycts X,, — 9T0 9mca0 mapoB B mepBO# ypHE B
MomeHT Bpemenu n. loxkaxkwure, aro (X,,n € Z,) — OTHOPOIHAS
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MapKOBCKasl 1I€11b, U HAlluTe ee CTAMOHAPHOE pacipeeienne. S1B-
JISIETCS JIW OHO TIPEIE/THHBIM !

Perrenune

Samerum, uTo eciau X,,_1 = 1, TO X,, MOXKET PABHATHCST TOJIb-
K0 i+1 mam ¢ — 1. BoJsiee Toro, cOT/IacHO OTPEIETIEHNTO MO,
k—1

k )

P(Xn :Z_'_I‘Xn—l :i7...,X1 :al) =

BeJ/Ib MbI JIOJIKHBI ObLTM BHIODATH IIAp U3 BTOPOU yPHBI. DTa
’Ke BepositHOCTh pasHa P(X,, =i+ 1|X,,_; =), 9T0o u J10Ka-
3BIBAET MAPKOBOCTH MPOIECCA.

Jlast HaxoXKIeHNsT CTAIMOHAPHOTO PACTPEAEICHUS BHITTUTITEM
TEPEXOHBIE BEPOSTHOCTH 34 OJIUH IIar:

ecm j =1 — 1;

pij = ecn j =1+ 1;

0 nHate.

Tem cambiM, HAM HEOOXOJAMMO PEIIUTH CJAEAYIONLYI0 CUCTEMY

OTHOCUTEIHHO (T, .. ., Tk):
1 k—i+1 1+ 1
My = My, Mj = ————— i1+ ———Mp1, t=1,..., k—1,
0= 2 i 1 o it
7T0+...+7Tk:1.
Perienne cucTeMbl 3a1a€TCA COOTHOIICHUEM T1; = (IZ)T(‘O I
Beex ¢ € {0,1,...,k}. JeficrBurensHo, paccykaast o WHIYK-
UK, TTOJIy9aeM, 9TO IIPU BBLIIOJHEHHH (POPMYJILI I T;_; H
T
(b — (ki i)
Mip1 = m— (k—1 Mi_1) =
1= 1
k‘ k
= k —i+ 1D . Ty =
1+ 1 ) 1—1 0
k(k—i) (k-1 k
= = To-
i(i+ 1) z—l o i)
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W= nocsiennero ypaBHEHUS CHUCTEMBl HAXOJIUM, 49TO ; =
(M)2=*.
3

Ocrasoch TOHATH, YTO MPOUCXOJAUT C TPEIENBHBIM pacIpe ie-
JIeHHeM. 3aMeTUM, YTO SProjudecKast TeopeMa He TPUMEHU-
Ma, TaK KaK HU B KaKOIl CTENEeHU MATPHUIA TEPEXOIHBIX Be-
POSITHOCTEH HE MMEET BCE 3JIEMEHTHI MOJIOKUTEIBHBIME. DTO
ITO/ICKA3bIBAET, YTO IIPEJIEJILHOIO PACIPEJIe/IEHNs] HE CYIIe-
CTBYET.

HeticrButenbuo, mycts [I — 310 ipenessHOe pacupeme/ienne.
Paccmorpum mapkoBckyio menb Y, = Xa,, TOTIa y Hee mpe-
eJIHOE pacIipejiesienre TakxKe cymecTByeT n paBuo II. Ho
B CHJIy ITOCTPOEHUsI MOJE/N, BCE DJEMEHTHI Y, BCErja nuMe-
0T Ty e YeTHOCTh, 910 u Yy = Xg. Crano 6biTh, ecim
P(Xo = 0) = 1, To mpenesbHOE pacopee/ieHne T0IKHO ObITh
COCPEOTOUEHO TOJIBKO B COCTOSIHUSIX C YETHBIMU HOMEPAMU,
a eciin P(Xg = 1) = 1, to — B Heuernbix. Tem cambiv, ume-
eTCs IBHAS 3aBUCUMOCTb OT HAYAJIBHOI'O PACIpeIeeHns, ITO
MPOTUBOPEUUT CAMOMY OTIPEIEJIEHUIO TTPEIETLHOTO PACIPE/Ie-
JICHUSI.

3agadva periieHa.

A 3agaum a9 caMOCTOSTEILHOTO PENIeHUS

1. Jokaxwure, aro mporecc (X,,n € Z,) co 3HAYCHUSMH B HE
00JIee UeM CUETHOM MHOXKECTBe X IBJSeTCI MapKOBCKOM IIEILIO
TOTJIa W TOJIbKO TOTJA, KOrAa fjid Jjiioboro n € Z, u Jiodbx
Gpily-- -, 00 € X BBINOJIHEHO

P (Xn+1 = an—!—l‘Xn =Qp,---, XO = aO) =
— P (XnJrl — an+1|Xn - an)
BCerja, KOrla BEPOATHOCTHU YC.HOBI/Iﬁ IIOJIOZKUTEJILHDBI.

2. Ilycers {£,,n € N} — He3aBuCHMbIC OJMHAKOBO DACIIPEJIETICH-
HBIE CJIyYaliHbIEe BEJIMUYMHBI C ILJIOTHOCTBIO P(Z), MOJOKUTE b
HOI npu Bcex x € R. VKaxkure, sABIATIOTCS JIU CIEIYIONIIE CITy-
Jaifuble TocJae10BaTeTbHOCTH ensaMu Mapkosa:
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3
S=(S,=&+...+&,n€Z,), rne Sy =0;
St =(S,I(S,>0),neZ,);

r) T = (T, = max{Sy,...,S,},n € Z,).

st Tex, KOTOpble OKaxKyTCsl nensiMu Mapkosa, yKaxKure me-

PEXOaHbIE BEPOATHOCTH 3a OAMH ITIAr.

. Hycrs {&,,n € Z, } — mapkosckas 1ernb ¢ Gpa3oBbiM MPOCTPAH-
crBom S = {1,2,3}, mavanbHBIM cocTostHMEM & = 1 ML.H. ©
MaTPUIEH NIEPEXOAHBbIX BEPOATHOCTEN

3/7 3/T 1)7
1/11 2/11 8/11
1/11 4/11 6/11

TMonoxuwm 0, = I{§, = 1} + 2I1{¢, # 1}. lokaxure, uro n, —
TOXKE MapKOBCKAasl 1lellb, U HANJUTE ee MATPUILY [EePEXO/I0B.

. Mapkosckag nenb (§,,n € Z,) uMeer HA4AILHOE COCTOSTHUE
& = 0 u nepexonnbie Bepositioctn P(&, 1 = k+1| &, = k) = p,
P(ws1 = k| & = k) =1—p, k,n € N, p € [0,1]. Haitnure
pacopenenenne &,. JlokaXmnTe, YTO MOCIETOBATEILHOCTD Ty =
0, 7 = min{n : §, = k} Takxke spisierca nenbto Mapkosa u
Hall/[uTe ee Mepexo/iHble BEPOSITHOCTH.

. Hens Mapkosa &, umeer nagasibHoe cocrogaue & = 0 u nepe-
XOOHBIEC BEPOATHOCTH

P(£n+1 = k+1|§n = k) = a_k7 P(§n+1 = k|§n = k) = 1_a—k’
rae k,n € Z,, a > 1. Haiigure Ea®", Da’".
. llpuBeaure mpuMep TaKON OFHOPOIHON MAapPKOBCKON IIETH C

JIMCKPETHBIM BpEMEeHeM, UTo

a) y Hee eCTh HECKOJIBKO CTAIIMOHAPHBIX PACIIPE/IeJICHNIT, HO HEeT
IpeJIe/IbHOTO;

0) y Hee HET CTAIMOHAPHOTO PACTIPE/IEIEHNsT, HO €CTh MTPE/IeJThbI
MTEPEXOTHBIX BEPOATHOCTEN TIPW N — OO.

JlokarkuTe, 9T0 €C/Iu OJHOPOIHAS MAPKOBCKAS IEIb C JINCKPET-
HBIM BpEMEHEM MMeeT HECKOJIBLKO CTAIMOHAPHBIX paciipeese-
HEH, TO UX, HA caMOM Jeje, 66CKOHEeTHO MHOTO.
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7. Iycre (§,,n € Z,) — HEe3aBUCUMBIE OJIMHAKOBO DACIIPEJIEICH-
Hble ciydaitible Besmantbl co 3Hadenuamu {0, 1,2, 3} u caeny-
IOIIUM PACIIPEIETEHNEM:

P(gn = 0) = 1/7a P(én = 1) = 2/77 P(gn = 2) = 3/7a

P&, =3)=1/T7.
Paccmarpusatores iponecchl X, = & +...+&,( mod 4),n € N
(ocTaTox or gesmenus cymMmbl Ha 4) u Y, =& -...-&,( mod 4).

Hoxaxnre, uro (X,,n € N) u (Y,,,n € N) sasasgtorcss ogHO-
POOHBIMHU MaPKOBCKUMU IMEIIAMHU, M1 H&I‘/’I;LI/ITe nx mpeaeIbHbIe
paCIpeIe/ICHA.
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9. MapkoBckue 11e1 ¢ HeITpePbhIBHBIM
BpeMeHeM

Hacrogarmuit pa3zgen mocssimes MapKOBCKUM IEISIM C HEIPEPHIB-
HBIM BpPEMEHEM. OHpe,Z[e.HeHI/Ie IPAKTUYCCKN HUYEM HE OTJINYaeTCA
OT CIydasi JUCKpeTHoro spemenu. Ilycrs X — ne GoJiee uem cueTHoe
MHOYKECTBO.

A Ounpegesienne 9.1. Coyuaitaeiit mpomnece (X;,t > 0)
co 3HaveHHsIME B X HA3LIBACTCA MAPKOBCKOT Uenvlo, ecJn
YnVai,...,0,,5,] EX, YVt =>2s5>5,> >85>0

P(X;=j|X,=14,X,, =an,...,Xs, =a1) =P(X; =j|X, =1)
Beerna, korga P(X, =4, X, =a,,...,X,, =a;) > 0.

TepvunOIOTHS TTOBTOPSET AUCKPETHBIN CIIy9ail.

o MuoxectBo X HA3BIBAECTCH (PA306bLM NPOCMPAHCINEOM WA NPO-
CMPAHCMBOM COCMOAHUT, MAPKOBCKON Ienu.

® YCJIOBHBIE BEPOATHOCTH
pij(S,t) = P(Xt = j‘Xs = Z)

HA3BIBAIOTCST NEPETOOHBIMU GEPOATMHOCTAMY MAPKOBCKON I1e-
.

e 113 nepexo/iHbIX BEPOSTHOCTEN MOXKHO COCTABUTH MAMPULDLL NE-
PETOOHBLT sepoamrocmed P(s,t) = ||pi; (s, t)HMex, rje ¢ — Ho-
Mep CTPOKW MaTDHIIBI, j — HOMED CTOJIOIA.

e I1(0) = (p;(0), j € X), rme p;(0) = P(Xy = j) — nauaavnoe
pacnpedenenue yenu.

o II(t) = (p;(t), j € X), rme p;(t) = P(X; = j) — pacnpedeaenue
uenu 6 momenm epemenuy t = 0.

Kax m B QUCKpeTHOM CJIydae, KOHEIYHOMEPHLIE DPACIIPE/IeTeHNs
O/JHO3HAYHO OIIPE/IEISIIOTCS I€PEXOHBIMY BEPOSATHOCTIMY 1 HaYa b~
HBIM pacrnpenenenneM. CBOWCTBA MEPEXOAHBIX BEPOATHOCTEH 0CTa-
IOTCA TEMU XKe.
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Jlemma 9.1 Hepexodrwve sepoammnocmiu Mapkosckol yenu yoo-
BAETNBOPAIOM, CACOYIOULUM CBOTUCTNEAM.

FEX
3. pij(S, S) = 6LJ
4. Bonoarnerwl YPAGHEHUA Koamozoposa-

Yenmena: Vs <u <t

Pij(8,1) = > Dials, w)pa;(u, ).

aeX

Kax u B nuckpernom ciiydae, mepevInc/€HHbIE CBOMICTBA HE TOJIb-
KO HEOOXOMUMBI, HO U JTOCTATOYHBI [IJid CYIIECTBOBAHNS MAPKOBCKOMN
1IeTIN.

Teopema 9.1 Iyemos X C R — ne boaee uem cuemmoe MHo-
orcecmso, 11(0) = (p;(0),j € X) — pacnpedeaenue
gepoamnocmets na X, p;;(s,t), i,7 € X, 0 < s <
t — dynrxyuu, obradarougue ceoticmeamu 1)-4) us
aemmor 9.1. Toeda cywecmeyem maxas Mapros-
cran yens (X, t > 0) ¢ Pasosvim npocmparcmeom
X, wmo II(0) asasemcsa eé nauasvrom pacnpede-
NEHUEM, G P;; (S, 1) AsaAOMCA €€ NeperooHbIMU Be-
POAMHOCTAMY.

Hac crosa 6ynyT mHTEpeCOBATH IPEAEILHBIC PACIPEIEJICHAS O
HOPOTHBIX MAPKOBCKUX TIETIEH.

A Omnpenesienne 9.2. Mapkosckast nens (X, ¢t > 0) HasbiBaeT-
csl 00HOPOOHOU, eCl €€ TIepexOIHble BEPOSATHOCTH p;;(s,t) 3aBucstT
TOJBKO OT %,] Ut — S, T.€.

Dij(s,t) = pi; (0, —s) =: pi; (t — s).
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Dynxuus p;;(t) Ha3bIBACTCH NEPETOOHOT BEPOAMHOCINGIO 3G BPEMA
t, a

P(t) = ||py )|, ;ex

— mampuyel NeperoduvT seposmmnocmet 36 epemsa t.

Bamerum, aro, B cuiy gemmbl 9.1, marpunpsr P(t) ssastorces cmo-
ZACTNUNECKUMU, T.€. WX JIEMEHTHl HEOTPUIATENbLHBI U CyMMa, 3/1e-
MEHTOB B KaxkK/J0i CTpoKe paBHa eaumHuie. Bosee Toro, ypashe-
uust Kosmmoroposa—envena o6ecrieanBaroT Jist HUX MOJIYTPYITIIOBOE
CBOWCTBO.

A Omnpegnenenne 9.3. Habop croxacruueckux marpur (P(t),t >
0) HABBIBAETCS CMOTACTNUYECKOT NOAY2PYNNOT, €CITH

1. P(0) =1 (exuuuuHass MATPUIIA);

2. P(t+s)=P(t)- P(s) Vs, t=0.

TeM caMbIM, B OTJIMYIHE OT CIytUasg AUCKPETHOTO BPEMEHW, HaM
IPUXOAUTCI UMETH [eJ10 C [1eJI0A CTOXaACTUYECKON IIOAYTIPYILIION MaT-
puI, BMECTO OJHOW MATPHUIIBI TEPEXOIHBIX BEPOATHOCTEN 33 OJWH
Imar, 9To yCJOKHSET W3yHUeHrne CTAIlMOHAPHBIX M NpelelbHBIX Pac-
1peje/eHuii.

A Ompegenenne 9.4. Pacpenenenue II = (7;,j € X) Bepo-
arHocTeil Ha X HA3BIBAETCHI CMAGUUOHAPHIM PACTPEIETICHUEM s
croxacTuiaeckoil nosyrpyunet (P(t),t > 0), ecau V¢ > 0 BbIIOIHEHO
PaBEeHCTBO

=1 P(t),
T.C. T = Y TaPaj(t).

Tem cambIM, HAXOXK/IEHUE CTAIIMOHAPHOI'O pacipesesienus Tpedy-
er pemnreHns HECKOHEYHOH CHCTeMbl TUHEHHBIX VpPaBHEHMH.

A 3apaua 9.1. [okakure, 94TO €C/IM CTAIMOHAPHOE pacIIpejie-
aenue II B3a1h B KadecrBe HavaabHoro, To Vi > 0 II(¢) = II, re.
pacrnpejiesienne 1enu He Oy/1eT MEeHSITHCH CO BPEMEHEM.
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Perrenne

Samerum, uTo a7d Jjroboro j € X

pi(t) = P(X, = j) = Y P(X, = j|Xo = a)P(Xy = a) =
aeX

= Zpaj(t)% = ;.

aeX

3amava pemieHa.

A Onpepesenne 9.5. Pacnpenenenne 11 = (7,7 € X) Beposar-
HocTell Ha X HA3BIBAETCS NPedeabHbiM JIJIS CTOXACTHIECKO TOJTy-
rpynust (P(t),t > 0), ecau jyis 1106000 HAYAIBHOTO PaCIIPeieIeH s
I1(0) BBIDOSTHEHO:

II(t) = 1(0) - P(t) — I npu t — +o0,
T.C. pj(t) — Uy Vj e X.

CTaI_[I/IOHaprIe n npegesibHbIe PaCpeae/iCHusA CBA3bIBaeT 3PIro-
ANYIEeCKad TeopeMa.

Teopema ITyemv (P(t),t > 0) — cmozacmuueckas noay-
9.2  (spro- epynna. Ecau Jjo € X u h,§ > 0 maxue, umo
AudecKasi VieX

Teopema) Dijo(h) =6,

Mo cyusecmeyem Habop HEOMPUYATNEALHIT YUCEN
(7,7 € X) makuz, wmo das aobwz i,j € X

lim p;;(t) = 7, npusem |p;;(t)—m;| < (1—5)“/21.

t—+o0

B ornmume or cayvas AMCKPETHOTO BPEeMeHW, HADOp dWCeNT T
U3 3ProJANYecKOi TeopeMbl He BCErJia dBJIAeTCd CTallMOHAPHBIM U
peIe/IbHBIM pacipeaesieaneM. B KadecTBe CJIeACTBASA W3 DProju-
9ecKOil TeopeMbl chOPMYIUPYeM CHEIYIONIYI0 JIEMMY O CBOMCTBAX
II = (7Tj,j € DC)
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Jlemma 9.2 B ycaosuazr spzoduueckol meopemv, nabop 11 =
(rj,7 € X) ydosaemsopaem caedyroujum ceoti-
CMBaMm.
1) II(t) — II npu t — +o0, m.e. das Kasicdozo j
swuinoarero p;(t) — mj,t — 4o0.
2) 6BINOAHENDL PABEHCTNGA

=11 P(t), V¢ >0,

uAl 0ana Arwbozo j € X
Ty = Zﬂ-a 'paj(t)'

3) aubo >, m; =1 (u moeda Il = (m;,j € X) —

MO CMayUONapHoe U npedesvhoe pacnpedenenue),

aubo Y m; = 0 (803MoorcHo moavko daa becko-
i

newnozo X).

JleMMa ITOKa3BIBAET, UTO MBI CHOBA MOYKEM MCKATL HOPEIeILHOE
pacrpenenerne (ecan I geficTtBuTebHO pacupeesenne) Kak CTarm-
OHapHOE, HO OCTAJICA BOIIPOC O TOM, KaK HaifiTH caMO CTAIllHOHAPHOEe
pacupeneenne. HaM HyskKeH amajior MaTpUILI IEPEXOIHLIX BEPOsT-
Hocreit 3a omuu mar. [logobuyo posib B Cydae HENPEPBIBHOTO BpPe-
MeHU urpaer WHOUHNTE3NMAIbHAS MaTPUIIa MapPKOBCKOM TIETI.

A Onpepesienne 9.6. llycrs (P(t),t > 0) — croxacrudeckast
nosyrpymma. Torma MaTpuiia

d+
Q=P

HA3BIBAETCS UHPUHUMEIUMAGALHOT MATPUIIEll MAapKOBCKO 1eru. Fé
9JIEMEHTDI BBIPAKAIOTCS (hOPMYIIOLi:

Gij = hli}gl—&- h )
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NudunanresnmanbHas MATPUIA — 9TO IPaBast TPOU3BOIHASA CTO-
XACTUYECKON TOJYTPYTIbl B HyJIe. HO BOZHUKAET €CTEeCTBEHHBIN BO-
IIPOC O CYIIECTBOBAHUHU TAKOM Mpon3BoiHOit. OKa3bIBaeTCs, YTO MPH
HaJTUYUH HEMPEPBIBHOCTU B HYJIE CTOXACTUYIECKON MOYTPYIIIbI IPO-
M3BOHAS BCETA CYIIECTBYET.

A Onpegnenenune 9.7. Croxactudeckast nomyrpynna (P(t),t >
0) HazwiBaeTCcst cmandapmmoti, ecam

P(t) — P(0) =1 (exunuunag Marpuna),

upu t — 0+, T.e. 11 Beex 4, j € X Bouimosmeno limy_,o; p;;(t) = d;5.

Teopema 9.3 Ilycmov (P(t),t > 0) — cmandapmnas cmozxa-
cmuneckan noayepynna. Tozda y nee cyuecmey-
em ununumesumasonas mampuya Q, npuuem
Vi#j0<q; <400, aq; € [—00,0].

Teopema TOBOPUT 0 TOM, UTO BHEAMATOHAJILHLIE 3JIEMEHTHI MaT-
putbl () BCETa HEOTPUIIATEIBHBI U KOHEUHBI, & JIUATOHAJBHBIE 316~
MeHTBI BCErjia HEMOJOXKHUTEeIbHbIE, HO MOTYT paBHAThCT —oo. Mat-
putia () B HEKOTOPOM CMBIC/IE OTIPeeISeT BCIO ek eankoM. 1o Heit
MOKHO BOCCTAHOBUTD ITEPEXO/IHBIE BEPOATHOCTH C TIOMOIIBIO qudde-
pennmasbHbIX ypaBueruit Koamoroposa. s popMmyanpoBku cooT-
BETCTBYOIINX TEOPEM HaM MOHAI0OUTCS MOHATHE KOHCEPBATUBHOCTH
TIeTTH.

A Onpenenenune 9.8. MapkoBcKast 1iellb HA3BIBACTCHA KOHCEP-
8aMUGHOT, €CJU BCE IJIEMEHTHl WH(OUHUTEINMAIBHON MaTpuiibl ()

KOHeIHB U Vi € X
E ¢i; = 0.
jeX
CBoifcTBO KOHCEPBATHBHOCTH OY€HBb €CTECTBEHHO, BEJb MBI TIOM-
HUM, 9TO CyMMa ) Pi;(t) BCer/ia papua eJ[MHAUIE, I09TOMY NPOU3-

BOJIHAS CyMMBI PaBHA HYJI0. /19 KOHCEPBATUBHOI 1NN BHITTOJTHEHBI
obparhbie ypapHerus KoaMoroposa.
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Teopema 9.4 [lycmo dana KOHCEPSUTNUSHAA MAPKOBCKAA UEND

(o6paTHbBIE co cmozacmuyeckoli noayepynnot (P(t),t > 0)
ypaBHeHuUs1) U UNHPUHUME3UMAALHOU Mmampuyel Q. Toeda dan
ar06020 t > 0

UAU, MO MO dHCE CAMOE,
pi(t) = Z Gia * Paj(t).
«

[Ipambie ypaBHeHHST TpeOYIOT 6016 XKECTKUX YCAOBUI, HO OHU U
boJiee moJIe3HbI.

Teopema 9.5 Ilycmv (P(t),t > 0) — cmozacmuueckas no-

(mpambIe AY2PYNNG ¢ uNGUHUMEUMaIbHOT mampuuel Q,

YPaBHEHUsI)  Npudem 6ce ssemenmot (Q KoOHewHvl U, KPome mo-
20, Vi # j umeem mecmo npedcmasierue

pij(h) = qij - h + ay;(h),

2de O“JT(}L) — 0 npu h — 0 pasromepro no ecem
1 € X. Toeda daa arobozo t > 0

UuAsU, Yo Mo JHce camoe,

Py(t) =Y pia(t) - Goj-

OrmeTnM, 9TO JOKA3ATEILCTBO 00eux cucreM JuddepeHIraib-
HBIX YPaBHEHWI HETPUBUAJIBHO TOJBKO g Caydas OECKOHETHOTO
$daz30BoOro MPOCTPAHCTRA.

A 3apnaua 9.2. Jlokaxure, uTo ecau (haz0BOe MTPOCTPAHCTBO
KOHEYHO, TO /i CTAHAAPTHON MapPKOBCKOW IIEIN BBIIOJHEHBI 00€
cucrtembl quddepenHnuaabHbX ypasuenuii KoaMoroposa.

73



Pemenue
Cornacuo ypasuenusym Koamoroposa—Yemnmena, mais J06bIX
i,jEX, t,s>0

Pii(t+8) =) Pia(8)pa;i(t).

aeX

Hanee, Bce mepexozmble BepositHOCTH P, (t) 1m0 Teopeme 9.3
muddepenimpyemMbl B Hyae. Pa3 ¢pas3oBoe mpocTpaHCTBO KO-
HEYHO, TO BCEC JUATIOHAJIBHBIC 3JICMEHTHI TO2KE KOHCYHDI. OCT&-
erca mpoanddepeHImpoBaATEH BHINNETPHUBEIEHHOE PABEHCTBO
b0 1o s B HyJe (HOoJydaTcs oOpaTHbIE ypaBHEHU), JUOO
1o t B HyJsie (MOJIyYaTcs IpsiMble YDABHEHUS ).

3agava periieHa.

[Mpsivbie ypaprerns: KosMoroposa 1mo3BosisiioT BBIBECTH ypaBHe-
HUS ¥ /IS pacipesenenns nenn [1(¢) B mpon3BONBHBI MOMEHT Bpe-
MeHM (HALOMHUM, 4T0 Mbl noHUMaeM 1I(t) Kak BEKTOP-CTPOKY).

Jlemma 9.3 B ycaosusx meopemvr 9.5 evinoarenvt ypasrenus

IT(t) = II(t) - Q.

uAsU, YIMo mo Hce camoce,

= Z pa(t)qaj'

aeX

Haxoner, mocienHsds JeMMa ITO3BOJSET HalTH cTallMOHapHOE
pacipe/jie/ieHne KaK perieHrue OQHOTO JIMHERHOIO YpaBHEHUS.
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JlemMma 9.4 B ycaosuaxr meopemot 9.5 u apeodureckoli meope-
Mt 9.2 6bIN0AHEHO PABEHCTNEO

HQ:()?

uAsU, IMo mo Hce camoce,

D Mo Gaj =0V

aeX

B sak/rouenne mpuBesemM npuMep MPUMEHEHUA MOCASTHUX JIEMM
JIJIsi KOHKPETHO# MH(MUHUTE3NMATHHON MATPUIIHL.

A 3anmauva 9.3. VUndwurnresuMaabHass MATPUIE OJHOPOIHON
MapKOBCKOM IeIIN HUMeeT BHJ

O
I

)

rme A, u > 0 — momoxuTeabHble dncaa. Haiigmre crammonapHoe
pacrpejiesieHne W PacipeeseHne Menn B MOMEHT BpEMeHW t [pu
HauaabHOM pacupegenernn pi(0) =1, pa(0) = 0.
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Perrenne

Bumuimem ypaBHenuda n3 jeMMBI 9.3:
Pi(t) = =Api(t) + ppa(t);

Ph(t) = —ppa(t) + Apa(t).

3amerum, dYTO BTOPOE ypaBHEHHE HECYIIECTBEHHO, Be/b
p1(t) + po(t) = 1. Orcrona nosryuaem, 9o

pi(t) = —( A+ p)pa(t) + p

Ob1riee peritene 1m006HOT0 A PepPEHITNATBLHONO YPABHEHU
UMEET BUJT

M

A+ p

N3 maganbHBIX yeaoBuit Haxoanm, 9o C = ﬁ JLmst HaxoXK-
JIEHVS CTAIMOHAPHOTO PACIIPEACICHU HAIO PEITUTh CUCTEMY
I1Q) = 0 mpu ycaosuu, uto 7 + 7o = 1. Pemenuem, ogeBuano,

ABJISAETCI T = 7y = 2. JIerKo BHIEThH, YTO MMEHHO

14
A4p? A’
9TU J[BA YUC/IA SBJSIOTCH TpegenaMu st pq(t) u pa(t).

pi(t) = CeOHmt 4

3aga4a pemieHa.

A 3agaum A9 caMOCTOITEILHOTO PENIeHUS

1.

JokakuTe, 9TO MyacCOHOBCKHI MPOIECC NHTEHCHBHOCTH A\ SIB-
JISIETCST OHOPOIHOM MapKOBCKOiT 1enbro. Hafinure ero mepexo;i-
HBIE BEPOSITHOCTHU, WH(OUHUTEZNMATBHYI0 MATPUILy U CTAIAO-
HapHOE paclipelieJIcHUe.

. Beakwnit in mpottecc BOCCTaHOBJIEHUS SIBASIETCSI MapKOBCKOI T1e-

bI07

. Myers n x n marpura Q = (gi;); =, Takosa, ¥To ¢;; > 0 mpn

i1#£ju Z;zl ¢i; = 0 nag moboro ¢ = 1,...,n. Jokaxkure, 9To
rorja Marpuibl P(t) = exp{tQ} 06pasyor cToxXacTuueckyo
MOJIYTPYIIITY.

Jokazkure, 9TO HEpPEXOHBIE BEPOATHOCTH P;;(t) CTaHIApTHOM
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CTOXACTAYECKOU HOJIYTI'PYIIIbl PABHOMEPHO HETPEPHIBHBI HA R, .

. Ilepexommble BepoaTHocTH MapKoBckoit menm (X, ¢t > 0) ¢ da-
30BBIM mpocTpancTBoM X = {1,2,3} nmeror B

pii(h) =1—=Ah+o(h), piz(h) = Ah + o(h), p13(h) = o(h) npn
h — 0+;

pa1(h) = o(h), p22(h) = 1 — ph + o(h), p2s(h) = ph + o(h) npu
h — 0+;

ps1(h) = vh + o(h), ps2(h) = o(h), ps3(h) =1 —vh + o(h) npn
h — 0+.

JlokaskuTe, 9TO TaKas Ielb YAOBIETBOPSET YCJIOBUIO 3PTOIN-

geckoit Teopembl. Hafinure ee nuHUHUTEZNMAIBHYIO MATPHUILY
¥ CTAIIMOHAPHOE pacIpeiesieHne.

. Cucrema “MaccoBOro OOCIY>KWBaHUsS COCTOUT m3 npubopa u
pemonTHOTO ycTpoiicrsa. [Ipubop paboraer ciaydalinoe Bpems,
UMEIOITIee YKCIIOHEHITUAJIBHOE PACIIPEIEIEHNE C TTAPAMETPOM .
Pemvont mpubopa 3anmmMaer caydaiinoe BpeMs, UMEIOIIee SKC-
[IOHEHIMAJIbHOE pacipejiesienne ¢ napaMerpom . ObozHadanm

p1(t) = P(upubop paboraeT B MOMEHT BPEMEHH ),

p2(t) = P(upubop peMOHTHPYeTCsi B MOMEHT BpeMeHn t).

Hainure p;(t), i € {1,2}, upu ycaosuu p(0) = po(0) = 1/2,
[peJInoJiarasi, YTo mporece 00pa3yeT MapKOBCKYIO TIelb.

. lycts X4, ..., X, — He3aBUCUMBbIE HEOTPHUIIATE/ILHBIE OIWHA-
KOBO paclpeieaeHHble CIydaiiible BeININHbI ¢ PYHKINEN pac-
upenenerns F(x). dsnsercsa am mporece Y = (Y (x),z > 0),
rie

V(o) =5 S HX, <)

— 9T0 3MOupuYeckas (pyHKIUS pacrpeeneHus, MapKOBCKON
nenbi? Kcam jma, 10 HaliuTe ee mepexoJHble BEPOSTHOCTU U
MTPOBEPHTE HA OJTHOPOTHOCT.
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10. JIwneitabie mpeoObpa30BaHUA B
mpocTpaHcTBe L2

Eme nBa kracca mporeccoB, 0 KOTOPBIX MbI ITOTOBOPUM B y4eb-
HOM mocobuu, 310 L2-mporecchl W cral@oHapHble Iponecchl. s
ompeaeaeHnust 060UX W OOCYXKIAEHUSI WX CBOMCTB HAM ITOHAI0OUTCS
pazg haxToB 0 mpocTpancTse L2 CaydaitHbIX BemYmH.

A Ompepesienne 10.1. Ilycrs (2,5, P) — BepositHOCTHOE TIPO-
crpancrso. [Tpocrpancreom L2(Q,F, P) nasbiaercst npocTpaHCcTBO
cayvaiinbix sesanann Ha (2, F, P) ¢ KOHEUHBIM BTOPHIM MOMEHTOM:

L*(Q,F,P) = {¢ — cnyuaitmas semmanna na (Q, F, P) : E[¢]? < +oo).

[TepeuncanM BazKHeMIIHe CBOMCTBa MpocTpancTBa L2,

1. L? — jnmmeiinoe mpocrpancTso: Va,b € R, V&, n € L? numeem
aé +bn e L2

2. Qyuknus €] = VEE? obnamaer cBoficTBAME HOPMBI:
€ + 1l < Nl + ] (mepasercrso Tpeyrommmma),

lag]] = lal[|€]]

Ecam BMecTo ciyvafiHbIX BEJIMYNH PACCMAaTPUBATH WX KJIACCHI
sKBHBaseHTHOCTH TLH.: £ = {n € L* : £ = pmu}, 1o || - ||
craner macrosmieil Hopmoit, Te. ||€] =0 < £ =0 (nme 0 =

{nel?:0=nmnn.}).
3. CxomumMocTh B mpocTpancree L2: &, z ¢, ecmm ||€, — & =
El¢, — &2 — 0.

ITpocrpancTso L? aBasgeTcs MOJHBEIM OTHOCUTEILHO TaKoil CX0-
aumocTu: Jgobag QyHIAMEHTAIbHASA MTOCAEI0BATEILHOCTE U3
L? mveer npenen, Te. ecmm ||, — &nll — 0, n,m — oo, TO

xel?:e, Be

4. Oyuxnus (€, n) = EEn urpaer posth CKAIIpHOTO TPOU3BE/ICHNUS.
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Eciu &,n € L? ro én € L' (r.e. EEn Koneuno) u BbINOJIHEHO
nepasencTBo Komn-ByHsakoBckoro:

(& m| = |E&n| < VES2En? = [I€]] - [Inl]-

Ham ocobenno Oymer BaxKHO CBONCTBO HEIPEPBLIBHOCTH CKAJISIP-
HOrO npoussegeHus B L2

2 2
JIemma 10.1 [lycmo &, L & M N n npu n — oo, 2de

(menpe- Enyn, E,m € L2, Tozda

PBIBHOCThH

CKaJIIPHOTO (nsmn) — (€M), 1 — oo
nmpownsBeie-

HYsI)

B macrogmeii riaBe MBI, B OCHOBHOM, OyleM wusydaTb L>-
TPOIIECCHI.

A Omnpenesienne 10.2. Cayuaitubiii nporece (X;,t € 7))
naspiBaerca L2-npoyeccom, ecm X, € L? mns moboro t € T.

IMepeiinem k obcyxenuto ceoiicTs L2-nporeccos, 3aJaHHbIX Ha
T = [a,b]. IlepBbIM U3 HUX SBJSETCS HENPEPLIBHOCTH, CPEJIU BUIIOB
KOTOPO MBI BBIJEIAM CTOXACTHYECKYIO HEMPEPLIBHOCTH M HETpe-
PBIBHOCTb B CPEJIHEM KBaJIPATHYHOM. 3aMETHUM, YTO 3JeCh 1 HUXKE,
KOIJIa PeUb UJIeT O (pasJudHbIX BUJIAX ) HEIPEPBIBHOCTH Ha, [a, b] mpo-
1ecca, To KOHIIBI oTpe3ka (a u b) MoryT 6eITh GeckoHeuHbIME. Kpome
TOTO, BMECTO OTPE3Ka, (MHTEPBAJIA) MOKHO PACCMATPUBATL U MHOYKE-
crea (a,b), (a,b], [a,b). Bece onpesenennst u yTBepKIeHUs TEOPEM
COXPAHATCS.

A Ompepnenenune 10.3. Cayuaitasiii npouecce (Xt € la,b])
HA3bIBAETCSI CMOTACTNUYECKU HENPEPUEHbIM B TOUKe to € [a, b], ecan

P
X; = Xy, (cxomurcea 110 BepositHOCTH) Tipu ¢ — tg.

A Onpepnenenne 10.4. Coyuaiineiii nponece (X;,t € [a,b])
HA3BIBACTCS HENPEPLEHLM 6 cpednem Keadpamuunom (B C/K) B

2
Touxe to € [a,b], ecmu X, 5 X, npu t — to.
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Pa3 cxomuMocTs 10 BepoaTHOCTH ciiabee cxogumoctu B L2, TO
n3 CXOAMMOCTH B CpeaHeM KBaJAPATUYIHOM BBITECKACT CXOAMMOCTH II0
BepoaTHOCTH. Korma ciaydailHbIii IpoIlecc HEMpepbIBEH B CPEIHEM
kBagpaTuaHoM? OTBET JaeT CAeAyIOIas TeopeMa.

Teopema IIyemv (X;,t € [a,b]) — L?-npouecc. Tozda X,
10.1 (kpure- HenpepviseH 6 c/n 6 mouke i & Pynryua
puii mempe- K (s,t) = EX X, nenpepvisna ¢ mouxe (to,to).
PBIBHOCTH B

L?)

O6obmennem Teopembl 10.1 gBseTcs CAeTYIONUA KpUTEpU
HEMPEPBIBHOCTH HA TIEJIOM OTPE3KE.

A 3apgaua 10.1. Ilycrs (Xt € [a,b]) — L*-nponecc. Torma
X, HempepblBeH B ¢/K Ha [a,b] (T.e. B moboii TOUKe OTpe3Ka)
< K(s,t) = EX,X, menpepsisua ua [a,b] X [a, b].

Perrenne

B obparnyio cropony mocrarouno npumenuTsb teopemy 10.1.
Jlng mokasaTenbCTBa B HpHMyIO CTOPOHY 3aMETHM, HTO ec-

g s — Sg, t — to, To X, —> Xy X4 —> Xi,- B cuny
HEIIPEPBIBHOCTY CKAIAPHOIO HPOM3BE/CHUS, IIOIYIaeM, 4TO
EX.X; — EX,,X,,, 9r0 u o3Hagaer HempepbiBHOCTH K (S, 1)
B LIPOU3BOJILHOM TOUKe KBagpara [a,b] X [a,b].

3agadva periieHa.

B xadecTBe cIeACTBUA MOXKHO 3aMETHTH, HAIIPUMED, UTO BUHE-
POBCKHil W IyaCCOHOBCKUH TPOTECCH HETIPEPLIBHBI B CPETHEM KBaJl-
patmaHOM Ha R, .

s TosTHO T M3J102KeHNs cHOPMYIMPYEM KPUTEPHii CTOXacTHre-
CKOHl HENPEPLIBHOCTH B TEPMUHAX JBYMEPHOU CXOJMMOCTH IIO pac-
TIpe/IETICHUIO.

Teopema Ipouyecc (X, t € [a,b]) cmozacmuuecku nenpepoi-
10.2 sen 6 moure ty = (Xy, Xy,) — (Xu, Xy )-
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[Tepetinem kK nudppepeHIMPOBAHNIO CJYUARHBIX [PONECCOB. 3a-
METHM, 9TO 371eCh W HUXKE, KOTJA PEYb uerT O (PasJIudHbIX BUAX)
muddepentmpyemoctn Ha (a,b) mporecca, TO KOHITBI OTpe3Ka (a u
b) MOTYT ObITH HECKOHEUHBIMH.

A Omnpepenenne 10.5. TIponece (X, ¢t € (a,b)) HaswbiBaercs

duppepernyupyemvim no eepoammnocmu B Touke t € (a,b), ecan y

Xion —
+h t
BBIDaKEHUST — CylIecTByeT TOpejiesl 10 BEPOSTHOCTU NPHU

h — 0. O Ha3BIBaeTCS NPOU3BOOHOT NO BEPOAMHOCTIU U 0003HA-
uaercs (P)4X:

Xoon — X p d
Aerh = A Py @y
Pl

A Omnpegenenne 10.6. TIponece (X, ¢t € (a,b)) HazwiBaeTcs
duppepernyupyemvim 6 cpednem rKeadpamuynom B Touke t € (a,b),

X, ., —
€CJIA y BBIPAYKEHUST % cymectsyer npegen s L? mpu h — 0.

OH Ha3BIBAECTCS NPOu3sodHol 6 cpednem K6aIPAMUYHOM T 0DO3HA-

uaercs (L?)4X,:

Xeon —Xe 12, 5. d
_ L) —X,.
R g X

[Tokazkem cpazy, uro AuddepeHInPyeMOCTh ABIAeTCs I0CTaTOY-
HO PEJKUM CBONCTBOM.

A 3apaua 10.2. J[lokaxkurTe, UYTO BHHEPOBCKHUI [POIECC
(Wi, t > 0) me quddepeHnupyem HU 110 BEPOATHOCTH, HA B CDEJIHEM
KBaJIPATUIHOM.
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Perrenne

[Mokaxkem, uro Beipaxkenune (W, — W,)/h He mmeer na-
ke mpejesa 10 pacupezeseruto. leficreurensro, (Wi, —
W;)/h ~ N(0,|h|™"). Ilpu pacrymeil qucnepcun HOpMaIbHBLE
cJIyJaifHble BEJIMYUHBI HE MOTYT MMETH MpeJeia [0 PacIpe-
JlesIeHuto (9T0 Cilejlyer, HalpuMep, U3 MeTo/a XapaK TepUCTH-
vecknx ¢dynakmit). CTago ObITh, HET TPEJeTa HU M0 BEPOAT-
HOCTH, HU B CPEJIHEM KBaJIPATUIHOM.

3amaya pemieHa.

Korma xke cymecreyer npoussognas?! Kpurepuit nudepeniu-
pyeMocTu B OHON Touke HOPMYIUPYETCA AOCTATOIHO TPOMO3JIKO,
[IOSTOMY MBI IIPHUBEJEM JIUIIbL KPUTEPHil HEMPephIBHOHN auddepen-
IUPYEMOCTH Ha IeJIOM WHTEpBaJe (T.e. TOro, YTO TIPOIECE (L2)%Xt
CYIIECTBYET W ABJISIETCS HEMPEPBIBHBIM Ha (a,D)).

Teopema L?-npoyecc (X;,t € (a,b)) asasemca nenpepuis-
10.3 10 dudepenyupyemoim 6 cpedrnem KeaodpamuvHOM
na (a,b) & dynwuyus K(s,t) = EX, X, umeem
HENPEPYIGHYIO GMOPYI0 CMEWBNIYI0 nPou3eoonY10

5e07 1< (5:1) ma (a.b) x (a,).

OTMeTuM, 9TO CHOBa KpUTEpHH (OPMYJUPYETcsl B TepMUHAX
dbynkumn K (s,t) = EX,X,, xoropag mjist npomeccoB ¢ HyJIE€BbIM
CPEJHNM COBTAZAET C KOBAPUAIIMOHHOM.

3aMeTuM, YTO W3 CBOMCTB HpOCTpaHCTBa L? cjemyer, d9TO
L?-npousposuast  L2-miporiecca, B  CBOIO  O4epeslb, SIBJISITCH
L*-nponieccom.  Cremyromas  jleMMa  TOKa3biBaeT cBoiicrea  L2-
IIPOV3BOHOM.

82



Jlemma 10.2  IIyemo (X;,t € (a,b)) — L*-npouecc, duddepen-
yupyemvili 6 cpednem keadpamuurom. Tozda (scro-
Ay nuoice nodpaszymesaemes npoudeéodnas 6 (L?))

) d d
1. JaaVé e L* E (tht-g> = &(Eth).

7 @EXt'

d d o?
CEl =X —X, ) = —EX, X..
3 (dt Y ds S) dsot e

d_ d o2
4. Yx,5x,) = X, X,).
cov <dt b ds ) gsor VX Xo)

3aMeTuM, 4TO JJIsi BRIYUCAEHUS JUCIEPCUN Y TTPOU3BOMHON Ha-
JIO BBIYUCJIUTE BTOPYIO CMEIIaHHYIO IIPOU3BOIHYIO KOBapUAIIMOHHOM
dyHKIINN, a 3aTeM MOJ0KUTh S = L.

IlepefimeM K WHTErpwpOBAHWIO B CpPeTHEM KBaJpaTuaHOM. [l

L2
npejena B L2 BBejeM crenumasbHoe obozHadeHue: ecad &, — € n
BCE 9TH CJIy9aifHble BeIHIUHbLL — 31eMeHTh! L2, 1o & = Lim., . &,.

A Ompepenenne 10.7. Ilpornece (X;,t € [a,b]) HasbIBAETCH
uHmepupyemMuM 6 cpeduem keadpamuunom Ha [a,b], ecau cyre-
creyer npegen B L? wnrerpambmbix cymm » oo X, (t; — ti1), rae
T={a=1t <t < - <t, =0b},s € [ti_1,t;] — pazsmedennoe
pasbuenue [a,b], npu AT = miax(ti —ti_1) — 0. TTogoGuerit mpemen

Ha3bIBaeTCst nHTErpasom or X; 1o [a,b] n obo3Hauaercs

b n
(L2)/ Xtdt = l.i.m.AT_,O Z‘Xsi (tL - ti—l)-

i=1

Ha Bonpoc 06 unTerpupyemMocTu oTBedaeT Kpurepuii, chopmysin-
POBaHHBIN B caeAyIOlIell TeopeMe.
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Teopema IIyemow (X4, t € [a,b]) — L*-npouecc. Tozda X; umn-

10.4 mezpupyem 6 cpednem K6aopamusHOM Ha [a, b] =
dynwyua K(s,t) = EX, X, unmezpupyema no Pu-
many na |a,b] X [a,b].

3aMerTuM, 9TO KPUTEPHil, KaK W B CJAYIASIX C HETPEPBIBHOCTHIO 1
b PepeHITnpyeMOCTbIO, JAeTCId B TEPMUHAX YCJIOBHA HA (DYHKITHIO
K(s,t) = EX,X,. B kKauecTBe mMpoCTOTO CJIEJCTBUS U3 TEOPEMBI TI0-
JIydaeM, 9TO HEIIPEPBLIBHOCTL B CPEIHEM KBAJPATUIHOM HA OTPE3KE
BJIEUET ¥ WHTEIPUPYEMOCTD B CPETHEM KBAIPATHIHOM, BEJb HEIpe-
pBIBHBIE (DYHKIIMK WHTErpupyembl o Pumany. HanmpuMep, Bunepos-
CKHUI M IIyaCCOHOBCKUH MPOIECCH MHTEIPUPYEMbI HA JI000M KOHEU-
HOM oTpe3ke n3 R, .

CpoiicTBa HMHTErpasiOB aHAJOTHYHBI CBOMCTBAM IPOU3BOIHBIX.
Kax u B cilyuae IPOM3BOJHBLIX, M3 CBOICTB mpocrpancTsa L2 cie-
ayer, uyTo naTerpas L2-nponecca npunamiexut L2.

Jlemma 10.3  IIyemo (X;,t € [a,b]) — L*-npouecc, unmeezpu-
pyemwili 6 cpednem keadpamuunom. Tozda (6crody
nustce nodpasymesaemces unmezpan 6 (L?))

1. V&€ € L? swinoaneno

b

E /bXtdt-g :/E(Xt-f)dt.

b b
2. E/Xtdt— /EXtdt.

3. lyemo danw [¢,d'] C [a,b], [c,d] C [a,b],

moezda
d & d d
E /Xtdt/XSds = //(EXtXS)dsdt.
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4. On= [¢,d'] C [a,b], [e,d] C [a,b] umeem

d &
cov /Xtdt,/Xsds =
d d

://cov(Xt,Xs)dsdt.

B zak/irouenne paccMOTpUM MPUMEDP C BUHEPOBCKUM IIPOIIECCOM.

A 3amaua 10.3. Ilycts (W, t > 0) — BUHEPOBCKHIT IpPOIIECC.
Haiture (byHKLU/HO CpPe/IHEer0 ¥ KOBAPHWAIMOHHYIO (DYHKITUIO MPO-
necca X; = fo Wds, t > 0.

Perrenune

[Ipnmensem gemmy 10.3.

EXtE/st/ EW.ds = 0.

cov(Xy, X;) = cov (/ Wydt', / W, ds> =
//cov (Wi, W )dt'ds' —/ / min(t', s")dt'ds’ =

(npemronoxkum t > )

//sdtds +2// s'dt'ds’ =

52

==+ %

ts? _s°
2 6

3agaua pemiena.
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A 3agaum 19 caMOCTOSTEIBHOTO PENIEHUS

1. ITycts € = (&, t € [0,1]) — coryuaiiHbIil TPOIIECC TAKOI, ITO BCE
&, t € T, nesaBucUMBbI B COBOKYITHOCTH, OJUHAKOBO PacIIpese-
JIEHBI 1 HETPUBUAJIHHBI (OTJ'[I/ILIHBI oT KOHCT&HT). HBHHGTCH JIn
nporecc £ CTOXaCTUYECKU HeNpepbIBHBIM XOTh B OJHOI TOYKe
[0,1]7

2. TIpusenure mpumep uporecca (Xy, t € [0,1]), Koropslit sBsser-
Csl CTOXACTUYeCKU HenpepbiBHbIM Ha [0, 1], HO He maTErpUpye-
MBbIM 110 BeposiTHocTH Ha [0, 1] (MHTErpas 1o BeposgTHoCTH onpe-
AeIdeTcd KaK CXOANMOCTH PUMaHOBCKUX MHTETPAJIHHBIX CyMM
[0 BEPOSITHOCTH).

Jameuarue. JJaHnvit npumMep noxKa3seaem, 4mo crodumocms
N0 8EPOAMHOCTNY JOCTNAMOYHO NAOTA, 6Edb U3 HENPEPIEHOCTU

He me&yem UHMESPUPYEMOCTD, 6 OMAUYUE OTN CcTO0UMOCTU 6
L?.

3. densierca s myacconosckuii nponece (Ng,t > 0) auddepen-
[UPYEMBIM &) TI0 BEPOATHOCTH, 6) B CPETHEM KBAIPATHIHOM !

4. Ilycrs (Wi, t > 0) — Buneposckuii nporecc. Haiiaure pacmpe-
o - t
JejeHne CAyJIaliHOl BemInuHbl X; = fo Wds. Hokaxkure, 9T0
nporiecc (X;,t > 0) gBagercsa raycCOBCKUM.

5. Haitnure s kaxkgaoro t > 0 cOBMECTHOe paclipeesieHne Be-
awana W, u X, u3 npeapiayineit 3amadu.
t
6. Sagan caydaiHbli nporece X; = f e Weds, rne W, — Bume-
0

posckwuit mporiecc. Hatimnre pyHKINIO cpeHero n KOBapuaIii-
OHHYIO (PYHKITHIO TIponecca X;.

7. Mycrs (Wy,t > 0) — Buneposckuit nporecc. Boraucaure jyist
t > 0 npegen B L? mpu n — 00 y BbIparkeHus

Z Witi—1)n Weizn — We—1y/m) -

i=1
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11. CrammoHapHbIe CJIydaifHbIE ITPOIIECCHI

B mactosem pazjene Mbl HAUWHAEM H3yUeHUE CTaIlMOHAPHBIX
ciaydalfiHbIX 1IporeccoB. Pazjm4aaior Ba Buia CTAIMOHAPHOCTH: B
V3KOM W IITAPOKOM CMBICTaX.

[Iyctes T =R, Z,Ry,Z, (B 0bmIeM ciaydae — MOJYTPYIIIA).

A Omnpenesienne 11.1. Cayuaitabiii uporece (X;,t € 7))
HA3BbIBACTCS  CMAYUOHAPHLIM 6  Y3KOM cmbicae, ecan Vn €
N Vtq,...,t,, h € T BBIIOJHEHO PABEHCTBO paCIpejIe/eHnii:

(Xivins oo Xeoan) = (Xors o, X2 ).

CMBbIC/I OLIpeseseHnst COCTOUT B TOM, YTO IIPOLECC BCEra OJWH U
TOT XKe I Jroboro h € T, ecin MBI HAUMHAEM H3YYaTh IPOIECC C
MOMEHTa, BPEMEHH h, TO €r0 CBONWCTBA OCTAIOTCSI TEMH K€ CAMDLIMH,
KaK eC/In 6bI MBI Ha49aJI1 CMOTPETH Ha HETro B HAYAJIBHBIA MOMEHT
Bpemenn. Ilporece Y = (Y,t € T), rne Y, = X,,p, uMeer 1O xKe
pacipenejiedne, 9TO U UCXOTHLIA IIPOIECC,

A Onpenenenue 11.2. Tlponece (Xy,t € T) naswiBaerca cma-
YUOHAPHIM 6 UUDOKOM CMBICAE, ECITH:

1. X, — L%-uporecc;
2. EX; = a = const gnst moboro t € T,
3. cov(Xy, Xs) = cov(Xisn, Xein) nag maoboix t,s,h € T.

CrannoHapHOCTb B IIIMPOKOM CMBICJIE O3HAYAET BCETO JIUIb, 9TO
byHKIUS CPEIHETr0 MOCTOTHHA, 8 KOBAPUAIMOHHAA (PYHKITHS 3aBU-
CHUT JIUIIBb OT PA3HOCTHA apryMeHTOB { — S.

[TpuBenem psam npumMeposB.

1.T=2,, X,, =& Vn > 0 — crannoHapHbIil B Y3KOM CMbBICJIE
IIPOTIECC.

2. T=72,,X, =&, rae &, — HE3aBUCUMbIE OJIMHAKOBO PaCIIpeie-
JIEHHBIE CJTydaiiubie BenauHbl. Torga X, CTannoHapeH B y3KOM
CMLICJIE.
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3. Ilycrb €, — OZMHAKOBO PACHPEJENEHHBIE Da3audHbe (T.e.
P(§ = n) < 1) ueBBIpOXKj€HHBIE CiydaitHble BeaMIuHBL [lo-
JIOZKUM

¢, n=0,1(mod 3)

Xn =
7, n =2 (mod 3)

d
Torga X, = X,, Vn,m, Bce a71eMeHTHI TIPOIleCcca OZNHAKOBO
pacopeeeHbl, HO OH He CTAIlMOHAPEH B Y3KOM CMBICJIE, TaK
KaK, HallpuMep,

(X0 X1) = (6,€) # (€.1) = (X1, Xa).

[Mocmeaanit npuMep MOKA3bIBAELT, UTO /I CTAIMOHAPHOCTH B y3-
KOM CMBICJIC HEJOCTATOYHO OUHAKOBOI PACIIPEICTICHHOCTH BCEX 3JIe-
MEHTOB TIPOIIECCa.

3a1aMMCsT BOTIPOCOM 0 TOM, KaK CBSI3aHBI MeXKTy cob0il j1Ba mo-
HeaTHdA craruonapHocTu. Cyieytomnas JeMMa TOKA3bIBAET, UTO eC/In
BBLIIIOJTHEHO YCI0BHE MPHHAICIKHOCTH IPOCTPaHCcTBy L2, To cramy-
OHAPHOCTH B Y3KOM CMBICJIE€ BJI€YET CTAIIMOHAPHOCTH B ITHPOKOM.

Jlemma 11.1  Ecau (X;,t € T) — cmayuonapuoli 6 y3xom
cmmicae L2 -npouecc, mo X, cmayuonapen u 6 wu-
POKOM. CMBICAE.

W3 cramuonapHOCTH B IMIMPOKOM CMBIC/IE B ODINIEM CIydae TAKKE
He BBITEKAET CTAIMOHAPHOCTh B Y3KOM CMBICJIE.

A 3agaua 11.1. Ilycts &7, &, — HE3aBUCHMBIE CIIydaifHble BeJIN-
umnbl, P(§ = £1) = ;. B Kakom CMBICIE CTAIMOHAPEH HPOIECE

X, =& sint 4+ & cost, t € R?
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Peuienune
Samerum, aro EX; = 0 gasa aoboro t € R. Haiinem koBapma-
MUOHHYTO (DYHKITHAFO:

cov(Xy, X)) = cov(&; sint + & cost, & sins + & coss) =

= sintsin s D&, + costcos s D&y =
= sintsin s + costcos s = cos(t — s).

SuauuT, mporecc X; CTAMUOHAPEH B MIMPOKOM CMBICe. B y3-
KOM 7K€ CMBICJIe OH HE CTAIMOHAPEH, TaK KaK He BCE ero 3Jje-
MEHTBHI OJIWHAKOBO pacipenenenbl. Hampumep, Xy = & npu-
HuMaer 3Hadenns £1,a X = %(fﬁ—@) — zmadgenns 0, /2.

3agava periieHa.

Kax Mbl mOMHMM, 7/ rayCCOBCKUX IIPOIECCOB PACIIPEeIe/IeHMS
3aBUCAT OT KOBapHallMOHHON pyHKIuU U PyHKIMKU cpejHero. Ecre-
CTBEHHO 0XKW/IaTh, YTO JIJI HUX [MOHATUSA CTAIIMOHAPHOCTH COBIIA/la-
IOT.

Teopema ITyemov (Xt € T) — eayccoscruti npouecc. On

11.1 CTNAYUOHAPEH 6 Y3KOM CMBICAE 0200 U MOABKO
mozda, K020a OH CTAUUOHAPEH 6 WUPOKOM CMbLC-
ae.

B Teopuu mapkoBcKuX Iieneil cJioBO “CTaliMOHAPHOCTL’ yHnoTped-
JISLIOCH [IJIst CTalmoHapHoro pacnpesenerus. CorgacuHo 3amade 9.1,
ec/TM HAYAJIBHOE PACTIPEIeIeHre OBLTO CTAIMOHAPHBIM, TO PACIpee-
JIEHWe TeTn He MeHgeTcs co BpeMereM. Crenyiomast TeopeMa, moKa-
3BIBAET, YTO B 3TOI CUTyallUd UMeeT MecTo 6ojiee CUJIbHOE YTBEp-
JKAEHUE.
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Teopema IIyemov (Xy,t > 0) — wmapkoscras odnopodnas

11.2 uens ¢ Paszosvim NPOCMPAHCMEom X, CMOTacmu-
weckotlt NoAY2pYNNol NeperodHuT seposmmocmer
(P(t),t = 0),P(t) = ||pi;(t)] v navasorvm pac-
npedesenuem I = (m;, j € X), Komopoe saeasemcs
CTNOYUOHAPHBM OAA CMOTACTRUNECKOT NOAY2PYN-
not P(t). Toeda X, — cmayuonapnwiii 6 y3kom
cmuieae caywatinsid npoyecc.

[Mpusesem eme OAWH NPUMEP CTAIMOHAPHOTO B Y3KOM CMBICTE
potecca.

A 3apaga 11.2. Ilycre f(x) — nepmonmdeckasi (byHKIHA C
nepuogom T > 0, a cayuaiinas sequunna £ ~ U(0,7T) umeer
paBHOMepHOe pacnpejenenne Ha orpeske [0,7]. Hokaxwure, 9To0
caydaitabiii mporece Xy = f(€ +t), t € R, sBasieTcss cTalinoOHAPHBIM
B Y3KOM CMBICJIE.

Penienue
[lycte t1,...,tm,h € R, paccMoTpuMm caydailHBI BEKTOD
(Xt 4hy ooy X, +n). 3aMernm, 910 CIy9aitHOCTH Y HAC TOJIb-

KO OfHa — 9T0 cayuaiinas sennuwna . Haiimem xapakrepu-
cTUYecKyto (DYHKITUIO 9TOr0 BEKTOPA U MOKAYXKEM, 9TO OHA, He
3aBuUCHUT OT h.

Corthorotmth (A oy An) = Ee? 2Zim A X =

1" -
:T/ exp(iZ)\jf(tj+h+x)>da::
0 =
1 [T+h m
:T/ exp (iZ)\jf(tj+y)) dy
h =

(byHKIWS M0 HHTErPATOM EPUOITIECKAST

¢ nepuogom 1))
1 T m
:T/ exp izx\jf(tj+y) dy =
0 =

== gptl’”"tm()\l, ceey )\m)
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Buauunt, BeKTOpbI (X, 1hy ooy X, on) 0 (X4, ..., Xy, ) OnuHA-
KOBO DaCIIPE/IeJIeHbI, TO3TOMY MPOIECC CTAIIMOHAPEH B Y3KOM
CMBICJIE.

3agava periieHa.

[Tepeiizem k Hosee meTasbHOMY ODCYXKICHUIO CTAIIMOHAPHBIX B
mUpoOKOoM cMbicsie mporeccos. Ilycrs T = Z uwmn R, a (Xt € T)
— CTaIlMOHAPHBINA B NIUPOKOM CMBICIE Tpoliecc. Torma ero Kopapu-
anmuonnyo dynkuuio R(s,t) MOXKHO paccMarpuBaTh Kak (HOyHKIUIO
OJHO! IIepEeMEeHHO,

R(s,t) = R(s — t), wiu R(t) = R(t,0) = cov(X:, Xo).

Kak mbl moMHUM, KOBapualuoHHas (DYHKITUS JEOOOTO CJIyYIaiiHOTo
mporecca (6y;(yq1/1 dyuKIHER IBYX aprMeHTOB) ABJISIETCST HEOTPU-
1aTesabHO orpejenenHoii. s dyHKIMM 01HON nepeMeHHOl TaKKe
MOXKHO BBECTH MOHATHE HEOTPUIATEABHON OIIPEICTICHHOCTH, IIPUYIEM
Cpa3y B KOMILICKCHOM CMBICJTIE.

A Onpenenenne 11.3. Oynkuns r(s,t), s,t € T, naspiBaerca
Heompuyameavmo onpedesennots (6 Komnaercrom cmoicae) va T x T,
ecau Vn Vi, ..., t, € T Vz1,..., 2, € C BblI0JITHEHO HEPABEHCTBO

n

Z T(ti, t])le 2 O

i,j=1

A Onpenenenue 11.4. Ilyctes T = Z wnu R. Torma dyrkimsa
(r(t),t € T) HaspIBaeTCS HEOMPUYAMEALHO Onpedesernol (6 Kom-
NAEKCHOM CMbICAE), €CTH HEOTPHUIATENBHO OTpe/esieHa (DYHKITHI
JBYX TepeMeHHbIX T(s,t) = r(s —t).

Ormerum, 9to, B cuty jgemMbl 4.1 u 3a71a9u 3 caMOCTOSITEIBHON
paboThl K HACTOsAIIE TVIaBe, KOBApUAIMOHHAA (PYHKIIMs 00010 Ci1y-
JaiffHOro MpoIiecca SIBJSIeTCS HEOTPUIATEHHO OTPE/IESIEHHON B KOM-
IJIEKCHOM CMBICJIE, a, CTaJlo ObITh, TakoBa U GyHKIWs R(t) y Hammero
crarmonapuoro mporecca Xy, OKa3bBAeTCs, HEOTPUTIATETHHO OTIpe-
Jlesientbie PYHKITMT OJHON TepeMeHHON MMeIoT 0coboe rpejicTanIie-
Hue. HadneM MbI CO ciiydast JUCKPETHOTO BPEMEHMU.
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Teopema Oynuxyua (R(n),n € Z) asasemca neompuya-

11.3 (Tepr- meavHo onpedesernoli (6 KOMNACKCHOM CMBICAE)

JIOTII) mozda u Mmoabko mozda, K020 cywecmeyem Ko-
newnas mepa G na ([—m, 7], B([—m, 7)) maxaa,
wmo oas arbozo n € Z

R(n) = / " G,

—Tr

A Omnpenenenne 11.5. Mepa G u3 Teopembl I'eprioTiia Ha3bI-
BAETCS CREXMpPasvhoti mepol I mporecca X,,: Ajs Joboro n € Z

cou(Xy, Xo) = R(n) = / M G(dN).
Ecmn mepa G mmeer mwrotHOCTh ¢(A), TO g(A\) HaswBIBaeTCS cnek-
mpaavrotl naomuocmoto X, .

Kak MoxkHO HailTH CHEKTpabHYIO IIOTHOCTH? B cusy Toro, 4To

R(n) = | " Mg,

—T

T0 R(n) — sto koaddurnmenter Oypoe mis dyuaknuu g(A). Cramo
OBITE, HAIO TPOCTO CJA0XKUTHL 0bpaTHO psag Pypoe:

1 —inA
g(A) = o Z R(n)e """
nel
[Ipupenem mpuMep CTAIMOHAPHOIO IIPOIECCA, HA3LIBAEMOI'O OEJILIM

Iy MOM.

A Ompepesienne 11.6. Cayuaiinbiii upouecc (€,,n € Z) Hasbl-
BaeTcs Geavim wymom, ecnu Ee,, = 0 mrs moboro n u Ee,e,, = 0um
JLId BCeX N, m € 7.

A 3amadga 11.3. Beraucinre clieKTpasibHYIO ILJIOTHOCTH 0€J1010
Iy Ma.
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Perrenne

Haiiem xoadpdunumentsr R(n):
R(n) = Ee,e0 = 6,0 = I{n = 0}.

Orciona,

9N = 5= 3 Rime ™ =

2w
nez

Caenoarensho, g(A) — 9T0 MIOTHOCTH PABHOMEPHOTO DPac-
Ipe/ieJieHns Ha OTpe3Ke [—m, 7).

3amaua pemieHa.

B cayuae menpeprsiBHOTO Bpemenu aHaaoroM Teopembl [eprioTiia
ABJsgeTcd TeopeMa boxnepa—XuHunHA.

Teopema Ilyemo (R(t),t € R) wnenpepwena 6 wyae. To-
11.4 2da R(t) — neompuyamenvro onpedenena (6 KoM-
(Boxmep— NAEKCHOM CMBICAE) 0200 U MOoAbKO Mo2da, K020
XuH4MH) natidemcs konewnas mepa G na (R, B(R)) maxas,

ymo Vt € R swvinoanero

R(t) = /R GPG(dN).

A Omnpenesieane 11.7. Mepa G uz teopembl Boxaepa- XuaamHa,
HA3bIBACTCA CNEKmMpasbHoll st mpotecca X;:

cov(X;, Xo) = R(t) = /Re“’\G(d/\).

Ecmn G nmeer mnorHOCTE g(A), TO g(\) HA3BIBACTCS CNEKMPAALHOT
NAOMHOCMBIO CILydaiiHoro nporecca X;.

Kakx MOXkHO Ha#iTH CHEKTPATBHYIO TJIOTHOCTH? 371Ch TIOMOTAET
Teopusa npeobpazosanus Pypre u dpopmyaa obpareHus u3 Hero.
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Teopema Ecau [ |R(t)|dt < 400, mo

11.5 (dop- R
Mmyjga obpa- 1 _
IIEHUS) g(\) = %/ezt’\R(t)dt.

R

A 3agaum Ayg CaMOCTOSTEJIbHOIO PEIIeHUs

1. IIycre N = {N(t),t > 0} — nyaccoHOBCKUIi POIECC UHTEH-
CUBHOCTHU A\, & CJIydaiiHad BeswdwHa 1) He 3aBucut or N, npu-
geM P(n = 1) = P(p = —1) = 1/2. fBagercs o mporecc
X, = n(—=1)"* craumonapHbiM 1 B KaKoM cMbicjie?

2. Ilycts f — mepmogmueckas dpyukins ua R ¢ mepuogom T' > 0.
Cayuaitnas BeqwuanHa £ paBHOMEpHO pacrpenenena wa [0, 7).
Cayuaitubiit Bekrop (¢,n) ne 3asucur or £. Jlokaxwure, 4ro
nporecc X, = (- f(nt 4+ £) crannonapen B y3KOM CMBICJIE.

3. Hokazkure, aro neiicrsuresbuas Gyukinus r(s,t) HeoTpuna-
TEJIBHO OlpeiesieHa (B KOMILIEKCHOM CMBIC/IE) <> OHA, HEOTPH-
HaTeTHHO OTpesiesieHa (B JTefiCTBUTEIBHOM CMBICTE) U CHMMET-
pHUYHA.

4. Tlycrn Wt(l) n Wt@) — HEe3aBUCHMble BUHEPOBCKWE IIPOIECCHI.
Js moGoro t € R nomommv X, = W I{t > 0} + W I{t <
0}. Jokaxkwure, uTo mporecc Y; = % (X; — X, 1) aBasiercst cTa-
[MOHAPHBIM B MUPOKOM cMbicse. Haiiure ero KoBapuarmon-
Hy0 GYHKIMIO U CHEKTPATHHYIO ILIIOTHOCTb.

5. Ilycrs {e,,n € Z} — Gensprit mym. Iomoxmm

1 1
X, = 5571,1 + Zﬁnfg, n € 7.

Brruncnure cneKTpaabHyIo TMJIOTHOCTL mpolitecca X,.

6. BoigcHUTD, ABILAIOTCS JiU CJIeayomme (DYyHKINT KOBAPUAITHOH-
HBIMH QYHKIMAME HEKOTOPBIX MayCCOBCKUX mporieccos (X, t €

R):
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a) r(s,t) = e ol a > 0;

6) r(s,t) = 2cos(t — s);

B) 7(s,t) = (1= (t —s))I{|s —t| < 1}
r)

_ , (t—35)%0°
r(s,t) = exp{ia(s —t) — —5-"}.
JIis Tex [poueccoB, KOTOPble CYILECTBYIOT, BHIACHUTE, CYIIe-
CTByIOT JIn y HUX CHeKTpaﬂbeIe IIJIOTHOCTH.

. Iycrs (Xy,t > 0) — HempepbIBHBIN B CpeHEM KBAPATHIHOM
CTAIMOHAPHBIN B IMMUPOKOM CMBICTE mporiecc. Jlokaskure, 91O
ec/v y Hero CymecTByeT Tpou3BojgHas B L%, To oHa dB/IseTCAa
CTaIlMOHAPHBIM B IITUTPOKOM CMBICJIE TIpolleccoM. Boee Toro, ec-
Ji EXt # 0, TO HU JJIg KaKOIl CydaiiHO#l BeimanHbl £ MPOIece
&+ fo Xds,t > 0) He siBiIsIeTCsI CTAIMOHAPHBIM B IITMPOKOM
CMBICJIE.
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12. CnekTpaJjibHOE NpPEeACTABJIEHUE

Hacrogamas riaBa mocBdIeHa CHEKTPAJBHOMY ITIPEACTABIEHNTO
CTAIIMOHAPHBIX B IITUPOKOM CMBICIE TTPOIECCOB. DTO TPEICTABICHUE
momMoraer paboTaThb CO CTAIMOHAPHBIMU B ITHPOKOM CMBICIE TTPO-
eccamMu, Tak KakK OHO TTO3BOJISIET, B HEKOTOPOM CMBIC/IE, Pa3IeInTh
mapaMeTp BpeMeHU U ciaydaiiHocThb. Hadunem MBI ¢ OHATHS OPTOTO-
HaJIbHOHI Cj1y4yaiinoil Mephl.

A Omnpenenenne 12.1. Iycrs (X;,t € T) u (Y;,t € T) — npa
(neficTBUTeILHBIX) Cy9aiiHbIX TTporecca, Toraa Z; = X, +1Y; nasnl-
BACTCS KOMNACKCHBLM CAYHatinom npoyeccom. B sTom ciaydae cka-
JspHOE Ipou3Besenne B L2 1 KopapualuoHHas (DyHKIHS OIIpe1eis-
JOTCA HEMHOTO MO-APYTOMY:

<Z57 Zt> = EZSZ?

R(s,t) = cov(X,, X;) =E(Z, — EZ,)(Z, — EZ})

[Mycrs (2, F,P) — Beposruocrnoe npocrpancrso, L2(Q) =
L*(92,F,P) — mpoCcTpaHCTBO KOMILIEKCHBIX CITyYaiiHbIX BEJTUYIAH
: E|€]? < 400, a X — HEKOTOpoe IOJYKOJBIO IMOAMHOXKECTB

7

(ompeiesienre TOTYKOJIbITA CM., HAIIpuMep, B [2]) Ha MHOXKecTBE A.

A Omnpepenienne 12.2. Orobpaxkenne Z : K — L?(Q, F,P) na-
3BIBAETCS OPMO20HaAALHOU CAY4aTHoT mepoli na K, ecn BBITTOTHEHBI
CJIETYIOINNE YCIOBHSI.

1. Ecin A, B € X He nepecekaroTcst, TO

EZ(A)Z(B) =0
(CBOCTBO OPTOTOHATIBHOCTH).

2. Ecou B = || B;, B,B; € X, To
i=1

Z(B) = Z Z(B;) m.u.,
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e CXOAUMOCTD Psijia IIOHIMAaeTcs Kak cxogumocts B L2, Opro-
roHasibHas CAydailHas Mepa Z Ha3BIBACTCH UEHMPUPOSAHHOU,
ecmt EZ(B) = 0 g moboro B € XK.

OpTOFOH&J’[bHaH Cﬂy‘{aﬁHaH MepPa COIIOCTABJIAECT Ka2KIAOMY 3J1e-

menTy K caydaitnyto Bequanay. C Hefl MOYKHO TaKKe CBSI3aThH 00BIY-
HYIO MepPY, Ha3bIBAEMYK CTPYKTYPHOIA.

A Omnpenenenmne 12.3. @yuxnusa p wa K, onpemesennas 1o

npasuny u(B) = E|Z(B)|?, nasesaercsa cmpyxmyphoti mepoti mis
OPTOTOHAJBHON CIyIafiHoil Mephl Z.

A 3anaua 12.1. JlokaxkuTe, 9TO CTPYKTYPHAA Mepa IeHCTBU-

TeIbHO ABJgeTca Mepoit Ha K.

Perrenne

o0
[Mokaxewm, uro p caerno-ajguruBaa va K. [lycrs B = | | By,
i=1
B, B; € K. Torna nns aoboro HatypasjbHoro qucsia N, moJib-

3ysICh AIMUTUBHOCTBLIO W OPTOTOHAJILHOCTBIO Z, TOJIYIaeM
CIIeyIoNIee PABEHCTBO:

—EIZ(B)F + >_EIZ(B)f -

-2 E (2(B)Z(B.) + 2(B)Z(B)) =

JleBast 4acTh PABEHCTBA CTPEMUTCS K HYJIIO, TOITOMY W IIpPa-
Basg TAKKE CTPEMHUTCHA K HYJIO, YTO U O3HAYACT CUETHYIO aJl-
JUTHUBHOCTD 4.

3agadva perieHa.

OrMmeTnM erre 0JTHO BECbMa MTOJIE3HOE CBOWCTBO CTPYKTYPHOI Me-
PHI.
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A 3amauva 12.2. Jlokaxure, aro ajs obeix A, B € X Boinod-
HSAETCA PABEHCTBO

EZ(A)Z(B) = u(AN B).

Pemmenue

[To ceoiicTBy monykosibiia, A u B uMmeroT ciaegyromiee mpe/t-
CTaBJIEHUE:

n

A=(ANB)U |i| =(AnB)uU| | D;,

i=1

rie C; u D; — nenepecekaromiuecs sinementsl K. Torpa B cuiy
OPTOTOHAJIBHOCTH W A AUTUBHOCTHA 7,

EZ(A)Z(B) =E|Z(ANB)|* = n(AN B).
3amava pemieHa.

Kaxk mokaswiBaer 3a7a4ua 1 caMocTosTeIbHON paboThl K HACTOSI-
el r1aBe, YKa3aHHOe CBOMCTBO ABIAETCA U JOCTATOYHBLIM JJjad TO-
ro, ¥Tobbl oToOpaxKkeHue Z ObLIO OPTOrOHAJIBHOMN CIIydailHOM MEpOii.
[IpuBenem npumep MpUMEHEHUsT JAHHOTO TPWHITUIIA JJI IOCTPOSHUS
OPTOTOHAIBHOI Cory9aiinoii Mepsl Ha mosxykoubie K, = {(a,b] : 0 <
a < b < +oo} nosynnrepnasion Ha R .

A 3anmaua 12.3. Ilyctes (W, t > 0) — BuUHEpOBCKHIi mpoIeCC.
JlokazknuTe, 9TO 0TOOpasKeHne

Z((a,b]) =W, — W,

ABJIAETCA OPTOrOHAJLHOM cirydaiinoil mepoit na Kg, .
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Perrenne

Haitnem ckansproe mpoussenenne W, — W, u W, — W, nipn
t > s, b > a. B cuny mHezaBUCHMOCTH TIPUPAINEHUN W I1IEH-
TPUPOBAHHOCTH BUHEPOBCKOI'O IIPOIECCA, OHO PABHO HYJIIO,
ecan (s,t] m (a,b] me mepecekatorcsi. Ecim ke, Hampumep,
s<a<t<b, 0

E(W, — W) (W, — W,) = E(W; — W,)? =t — a.

Awnayormano mposepstercsi, dro B obmem caydae E(W, —
W) (Wy,—W,) = mes((s, t]|N(a,b]), rme mes — 310 mepa Jlebe-
ra. Ocraercda MPUMEHUTD 33189y 1 cCaMOCTOATENBHON PAabOTHI
K HACTOLAIIEH TJIaBe.

3amavua pemieHa.

Jlannasg 3a7a4a SBISIETCA WLIIOCTPAImeEil Teopembl (KOTOPYIO
MBI CHOPMYTUPYEM HUKE) O TOM, YTO BCE OPTOTOHAILHBIE CJTydaii-
uple Mepbl Ha Kg, IOJydaroTcsa HOJ00HBIM 00Pa3’oM C IIOMOIIBLIO
IIPOIIECCOB € OPTOTOHAJIbHBIMH PUPAIEHUSIMU.

A Onpepenenne 12.4. Ilponece (X;,t € T), T C R, na-
BLIBAETCS  NPOUECCOM € OPMOZOHAAGHBMU  NPUPGULCHUAMY, ECJIT
Vs <u<teT:EX, —X,)X, = 0. Tlporece (X;,t € T)
Ha3bIBaeTCd yermpuposarrowm, ecaiu EX, =0Vt € T.

Teopema 1. llycmv Z — 0opmozonasvhas CAYHAUHGA MEPG

12.1 na Kg, . Tozda npouecc (Xt > 0), sadanmvits
no gopmyae X, = Z(0,t], asasemeca npoyeccom ¢
OPMOZOHANDHBMYU NPUPGUEHUAMU, HENDEPDIGHBIM
cnpasa 6 cpedrem KeaodpamusHoM.
2. Ilyemo (X;,t > 0) — L*-npouecc ¢ opmozo-
HAADHOMU NPUPAUWEHUAMY, HENPEPBIEHBIL CNPAca
6 cpeduem xeadpamuunom. Tozda Z : Kp, —
L*(Q), 20e Z(a,b] = X, — X, asaaemca opmo-

2onaavrot caywatinot mepoti na Kg, .

Kax u mo obbrunoit Mepe, 10 OPTOTOHAILHON CJAyYafiHON Mepe
MOXKHO TIOCTPOUTH WHTerpasl, HA3LIBAeMBIHl cmozracmuyueckum.
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DTO LOHSITHE HAM HOHAIOOUTCH JJisi OLPEJE/JEHUs] CIIEKTPAIbHOIO
MMPEeJICTABJICHUST CTAIMOHAPHBIX B IITUPOKOM CMBbICJIE TTPOIECCOB.

Ilycre Z — oproroHaJibHas ciydaiiHas Mepa Ha 110Jiykojbie K
mommuaoKecTB A, mpuuem A € K. Ilycre u — cTpyKTypHas mepa,
pu(A) > 0.

[To Teopeme 0 IPOIOJIZKEHNN MEDBI, [t MOXKHO IIPOIO/IKUTE J[0 ME-
pol Ha 0(K) — MunnMaIBHOT curMa-anrebpe, cogepxkaieit K. Mepa
’Ke Z, KaK MOKa3bIBaeT CJemytoras jeMMa, npogoszkaercs Ha oK)
— MUHUMAJBHYIO aarebpy, ComepRaIiyo moaykoanio XK.

Jdemma 12.1  IIycmv A € a(K) u A= |];_, Cx, C) € XK. Iono-
orcum Z(A) xax

Z(A) = Z(Cy).

Tozda nodobroe npodoasicenue Koppexmmo u daem
opmozonasvryto caysatinyto mepy na o(X).

Omnuriem OCTpOEHNE CTOXaCTUIECKOro uHTerpana. Kak u B ciy-
vae mHTerpasia Jlebera, cHagasma omnpeeasdercd WHTErpaJ OT MpPOo-
CTBIX (DYHKIHIA.

A Onpegenenne 12.5. Qyukmua f : A — C naswiBaerca npo-
cmoti, ecnu f MpejcTaBUMAa B BUE

FO) =Y ads, (),

rie ¢ € C, B € a(X) n By,...,B, — pa3tuenne A.

o Cmozracmuueckum unmeezparom ot mpoctoit dyakmmu f(A) =
> iy ¢ilp, (N) 1o oproronansHoil ciyvaiinoit Mepe Z HasbiBa-
ercst

J(f) = chZ(Bk)'
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o ITycrs f — mupoussonbhas dyukuus, f € L*A) =

L*(A,o(X),p). Ilycrs f, W [ — mnocienoBaTEILHOCTD

npocreix dyrkmmit. Torpa cmozracmuveckum uHmMezpaioMm OT
GbyHKIME f M0 OPTOTOHANBHON CAyUIaiinol Mepe Z Ha3bIBACTCS

J(f) =Lim., oo (fn),
re. E[J(f) — J(f)2 = 0.

Crenyromiast TeopeMa TOATBEP:KIaeT KOPPEKTHOCTH OIMpeesie-
HHA.

Teopema Cmozacmuneckutll uHME2PaA CYUWECMEYEM O
12.2 scex f € L*(A), u ezo onpedeaenue Koppexmmo.

KaxoBbl 2Ke Imo/ie3Hble CBOMCTBA JTaHHOIO HMHTerpasa’ Boiaeanm
BaKHelNme nu3 HuX.

1. JImueitnocts. g mwobwix o, 3 € C, f, g € L?*(A) Bomonneno
J(af + Bg) = aJ(f) + BI(g).

2. MzomerpudHoCTb. /s mobbix f,g € L?(A) Bbinosneno
(J(f): J(9)) 1200y = EJ(f)J (9) = /Afgdu = (f.9)r2n)-

3. CornacoBanHOCTh ¢ Z. JIns mo6oro B € a(X)

J(Ip) = Z(B).

CcopmynupyeM HTOTOBYIO TEOPEMY.

Teopema Cmozacmuneckuti unmezpas no opmo2oHaAbHOU
12.3 CAYHaTHOT Mepe Z AGAAEMCA NUHETHBIM UOMEM-
PUHECKUM OUEKTNUBHBIM 0TROOPaHCEHUEM MEHCIY
L*(A) u nexomopwm nodnpocmpancmeom L% C
L?(Q).
1Ipu amom Z mpodossicaemcsa 0o opmozoHasbHoT
cayuatinot mepve na o(K) no npasuay Z(A) =

J(L4), A€ a(X).
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Jljist CTOXaCTUYECKOTO NHTErpaia u3 reopembl 12.3 upuusaTo cie-
nyroriee 0003HAUEHHE:

J(f) = / FNZ(dN).

OTmernm, 9TO NOCTPOEHNE CTOXACTUIECKOTO nHTerpasa npu A ¢
K,um0 A=[]7,A,, A, €K, IpoXOAUT DOTHOCTHIO AHATOTUIHO. B
9TOM CJIy9ae CTPYKTYPHYIO MEPY [i MOXKHO TPOJOJIKATE IO KOHET-
HO nm o-kouewnoi mepsr Ha o (K).

[Tocrpoenue unrerpana aiusd f € L2*(A,0(X), ) npoucxoaur B
JTBA TATIA!

1. onpegensiem croxacruueckuii uarerpan J,(f,), vae f, = f|

n

714 BCeX M;

2. s camoit f momaraem J(f) = > >" | J,(fs), T pag morEMA-
erca Kak cxopsmmiica B L2(9).

CpoifcTBa OCTAIOTCS TEMH Ke CAMbIMU, & Z TPOJIOJIKAETCS JI0
oproroHasibHOi cayuaitaoit Mepbl Ha § = {A € o(K) : p(A4) < oo}
o npasuiny Z(A) = J(I14).

[Tepeiigem Kk 0BCYKAEHUIO CBA3U CTOXACTUIECKOTO MHTEIPUPOBa-
HUsl U CTAITMOHAPHBIX B IMUPOKOM CMBICIE CJYUANHBIX TPOIECCOB.
KioueByto posb 3meck urpaer Teopema Kapynena.
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TeopeMma IIyemv (Xt € T) — uenwmpuposannwudi L>-

12.4 (Kapy- npouecc, npuyuem ezo Ko8GPUGUUOHHAA PYHKUUA

HEH) donycrxaem HAKTOPUBANINIO, M.C. CYULLCMEYem
usmepumoe npocmpancmso (A, A) u Koneunas me-
pa [ na wem maxas, wmo Vt,s € T':

cov(X;, X / fi(A (d)\)

ede {fi(\),t € T} — nexomopwuiti nabop Gynryud
us L*(A, A, ).

Ecau cucmema {fi(N), t € T} — noanaa s
L?(A, A, 1), mo cywecmsyem uyeHmpuposanHas
0pMmozonasvHas caywatinas mepa Z wa A maxas,
umo Yt € T' 6binoaHAemMCcs PaBeHcmeo

X, = /A F(t, N)Z(dN). (5)

Ipu smom p bydem asaamuvea cmpyxmypHot me-
poti dan Z.

[Ipencrasienne Buga (D)) TpUHITO HASBIBATEL CNEKMPAALHM. KTO
[0JIb3a COCTOUT B TOM, YTO 3aBUCHMOCTH OT BpeMeHwu (t) u ciydaii-
HocTH (Z) pasfiesieHbl, CaydIaifHOCTh einHa, /it BCEX, CO BPEMEHEeM
MEHSIETCS JIUITh HeKoTopas Hecay4aitnas dyukius. Teopema Kapy-
HEHA TOBOPUT O TOM, ITO OHO MMEET MECTO MPHU (DAKTOPUIAINY KOBA-
puammonno#t dyrrumm. IS CTAIMOHAPHBIX CAYIANHBIX TTPOTECCOB
no06HYI0 bakTOpH3aImIo ¢ f; = €' obecneunsarorT Teopema Lepr-
JioTHa u Teopema Boxuepa—XuHunaa U3 npeabIayiei riassl. B ciay-
4Jae JINCKPETHOI'O BPEMEHN TEOPEMA O CITEKTPAJIbHOM TPEJICTABIEHUH
3BYUUT CJIEYIOITUM 06pa30M.
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TeopeMma IIyemoy (X,,,n € Z) — uenmpuposannuii cma-
12.5 (0o yuOHAPHBIT 6 WUPOKOM CMBICAE CAYHATHBLT NPO-
ciekTpanb-  uecc. Tozda cyuwecmeyem yenmpuposarHas 0pmo-
HOM MpeJ- 20HaAbHaA cayyaitinas mepa Z wa B(|—m,m]) ma-
craBjieHMHM)  KGA, ¥mo Vn € Z ewunoaneno

X, = [ €e™Z(dN).

—T

[TpuBenem mpumep MpUMEHEHNs CIEKTPATBHOTO TPEICTABICHI.

A 3anaua 12.4. Ilycrs (X,,n € Z) — IEHTPUPOBAHHBIN CTa-
IMOHAPHBIA B IMUPOKOM CMBIC/IE CAydYaliHbiii mporecc, a X, =
i
[ e Z(d\) — ero cnexTpanbHoe npejacrasnenne. JlIokaxkuTe, 9TO
—T

1n71 R
- ZX’“ L% Z({0}) npu n — .

k=0

Perrenne

B cuny crekTpaabHOrO MpeACTaBIEHN, TMeeM,

1 n—1 T 1 n—1
§ L_2 E kA
k=0 k=0

Hasee, cymma o, waTerpajoM pasta 1 npu A = 0, unade
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1 n—1 1— ein/\

ik
=) eM=———+20, n—oo.
n ; n(l — e) ’

[Mocrenree BhIpaKeHUE OIPAHUYEHO [0 MOJIYJH EIWHUIEH,
1oaToMYy, 1o Teopeme Jlebera,

1n—1 ' 5
<Ze"m> I{\ # 0} pasY 0, n—o0
n

k=0

rne A = [—m, 7], 0(K) = B([—7,7]), 4 — cTpyKTypHas Mepa
ana Z. B cany m3oMeTpum CTOXaCTHYECKOTO MHTErpasia, Mbl
TOJIy9aeM, 9To

T n—1 2
/ (1 Zem> I £032dN) 220, n— .
n k=0

—T

3HauuT,

inZXk L /W <’rlz ni em> T{\ £ 0} Z(dN)+
k=0 k=0

—T

n /W I =0}z 22 z({o})

—T
B CHJIy TOTO, 9TO BTOpOii muTerpas npocro pasen Z({0}).

3amavua pemieHa.

B ciyaae mempepbIiBHOrO BpeMeHU JJIsl TIOJTYIeHUSA CIIeKTPATBHO-
I'0 IIPEJICTAB/IEHIS HEOOXO0IUMO JOMOJHUTESILHOE YCJIOBUAE HEIIPEPHIB-
HOCTH B CPEJIHEM KBaAPATUIHOM.
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TeopeMma IIyemoy (Xi,t € R) — yenmpuposannodi cma-

12.6 (0o yuOHAPHBIY 6 WUPOKOM CMBICAE HENPEPLIEHBIY 6

CHeKTpaib-  CPEOHEM KGadpamuuhom cayuatinod npoyecc. To-

HOM Mpea- 204 CYWECmsyem UeHmpuposaHHas 0PmozoHaNb-

craBjaenuu)  Has cayuatnas mepa Z wa B(R) makan, wmo
vVt € R svinoanerno

X, = / G Z(dN).
R

CrexTpaJibHOe TIpejicTaBiieHne Hanbosiee sipko cebsi TPOSBJIsieT B
CAydae JIMHEWHBIX TPeobpPa30BaAHUN CJIYIANHBIX TTPOIIECCOB.

A 3amaua 12.5. Ilyers (X, t € R) — ueHTpupoBaHHBI
CTAallMOHAPHBIA B INMPOKOM CMBICJIC CJIy4YafHblil [Opomecc, a
X, = [y Z(d\) — ero cnekrpansnoe npeicrasienue. Haiijure
CIEKTPANBHOE IIPEACTABICHUE IIPOLECCd Y; = (L2)%Xt = %Xt
(Y, aBisiercs CTaMOHAPHBIM B IMUPOKOM CMBICJE — CM. 3a7a9y 7
CaMOCTOSITEIBHOM PAbOTHI PEBIAYIIETO PA3/Iesia).

Permenne

EcrectBento oxumarsh, 94T0 HaM HAI0 MPocTo poanddepeH-
IMpoBaTh 110 ¢ 10/ 3HAaKOM mHTerpaja. ObocHyeM mog00HbBIH
nepexo. [lo onpeneneruto mpon3BoIHOIL,

d . Xion — X
th = %Xt = l.l.m.n_m% =
P(EER)A it
l.i.m.h_m/ S0P\
. h
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Perrenne

B cuiy M30MeTpUM CTOXACTHYECKOTO MHTETPAJIA, MOKHO TIe-
pecrasuth npegen B L2()) u wHTErpas, mMpM 3TOM MbI I0-
JIyYMM MHTErpajl OT IIpejiesia IOJAUHTErpaibHoi byHKImun B
L*(R) = L*(R, B(R), n). On nmeer Bug

piltHRIA _ it

e
h

l.i.m.h*)()

Ho npu duxcuposanuom t stor npegen pasen (i\)e'™, uro

coorsercTByeT npejery noarn seoay B L2(R). Ipenens: no-
qTyh BCIOAY W B CpeJHEM KBaJIPATUYIHOM O6HS&HBI COBIIaJaTh
(mouTu BCIOMy ), ecim OHM 06a CyMECTBYIOT (Tak Kak u3 obenx
CXOJIMMOCTEl CJIeIyeT CXOAUMOCTH TI0 Mepe). CrieoBaTesbHO,

Y, = / (NP Z(dN).

3agadva perieHa.

[Toxaxkem Temepnb, 9TO MPOUCKOIUT CO CIEKTPATLHOM IOTHOCTHIO
IIPA B3ATHHU IIPOU3BOIHBIX.

A 3amaua 12.6. Ilycte B ycaoBUE OpenbIAyIIEH 3a0a4u
(X:,t € R) nmeer cnekTpaspHyto mioTHOCTE ¢(A). Haiinnre crmek-
TPATBHYIO TJIOTHOCTH MPOIECCa Y; = %Xt.

Perrenne

[IycTs cnekTpasibHOE TIpe/iCTaBIAeHNE Yy, UMEET BUJ

K:/eitAzl(dA).
R

[lo mpenpiaymeit 3amade, Mbl moaydaeM, 910 Zi(d\) =
(1N Z(dN).
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Torna

cov(Y,,Yy) =E [ €™ Z,(d)) /Zl(d/\):
R

||
%\%\

¢ (IN) Z(d)) - /R (N Z(dN) =

_ em(i)\)@,u(d)\) =

R

:/eit/\(i)\)(i)\)G(d)\>:/eit/\)\Qg()\)d)\.
R R

Bmauut, ciekTpasbHag IOTHOCTE Y; pasua A2g()\). 3mech ue-
pe3 p Mbl 0003HAYNIN CTPYKTYPHYIO Mepy juisd Z, a depe3 G
— CHEeKTPAJbHYIO Mepy s X;, a TaKKe BOCIIOJIb30BAJIHUCEH
TeM, YTO OHHU COBHAJAIT (CM. jgemmy 12.2).

3agadva periieHa.

[locmennee yTBep:K/ieHNe, KOTOPOE MCHOJB30BAJIOCE B PENIEHNN
3a/la9u, CTOJIb BAXKHO, YTO CTOUT BBIJEINUTD €10 B OTHEIBHYIO JIEMMY.

Jlemma 12.2 B pamxax meopem o cnexmpasbhom npeicmasac-
nuu (meopemw, 12.5 u 12.6), cnexmpaavras mepa
npouecca X; cosnadaem co cmpyxmyprot mepot
0PMO2OHANOHOT CAYHATHOT Mepd .

B zakmouenue ormernm, 4To, Kak u gudybepeHIinpoBaHue, HHTe-
rpuposanue B L? no3posser cebs IepecTaBIaTh CO CTOXaCTHIECKIM
WHTETPAJIOM.

A 3agaum Oy CaMOCTOSTEJIBHOIO PEeIleHNs

1. Ilycte A — MBEOXKeECTBO, A — anrebpa ero MOAMHOXKECTB, a (L —
mepa wa A. Tlycrs orobpaxkenwne Z : A — L*(Q,F, P) yaosae-
TBOpSIET PABEHCTBY

EZ(B)Z(C) = u(BNC) s mobeix B,C € A.

JokaxKuTe, YT0 4 €CThb OPTOTOHAJbLHASA Mepa Ha A.
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2. Ilycrb Aq,...,A\p — umcsna u3 orpeska [—m, 7], a Pp,..., Py

— OEHTPUPOBAHHBIEC TTOITAPHO HEKOPPEINPOBAHHLIC Cﬂy‘{aﬁHbIe
sesmmauHbl. Jlokaxkure, aro mporece (X,,n € Z), vae

k
_ iAjn
Xn_ E e Qj,
=1

ABJIAEeTCA CTAalMOHAPHBIM B IIMPOKOM CMBICJIE, 1 HaIL/'I,Z];I/ITe ero
CIICKTPaJIbBHOEC IIPpEACTAaBJICHUEC.

. Oycrs {X,,,n € Z} — crannonapHas B IIMPOKOM CMBICJIE IO~
CJIEZI0BATEIBHOCTE CO CPETHUM @ U KOBAPUAITMOHHON (byHKITHei
R(n). doxaxmure, 14T0

n
1 L2
— E Xk — a
n k=1
TOT/Ja W TOJHKO TOTJa, KOTIa

1 n
—Y " R(k) — 0.
n

k=1

. IlycTh mEeHTPUPOBAHHBIN CTAIMOHAPHBIN B IMIMPOKOM CMBICTIE
nporece (X, n € Z) yaosaerBopsier paBeHCTBY X = Xy 1.H.
andg mexkoroporo N € N. JlokaxkuTe, ITO TOTIa /I BCeX N € Z

X,, UMeeT BUn
L(N-1)/2]

127k
Xn = E e n q)k’a
k=—|N/2]
rae (I)k — OEeHTPUPOBAaHHBIE TTOITAPHO HEKOPPEJIMPOBAHHBIC CJIYy-
YaliHble BEeJINYWHBI U3 L2.

. lycrs P(x) = ag+a,z+. . .4a,x™ — MmHOrOUYIEH, & P (%) — co-
orseTcTByomuit oneparop muddepentuposanus B L. IlycTs
(&,t € R) — cranuoHapHblii B IMMPOKOM CMBICJIE MTPOIIECC C
U3BECTHBIM CIIEKTPAJIbHBIM NpejicTaBieHneM. CTalMOHAPHBIN B
mmpokom cmbicse nponece (Xt € R) umeer cnekrpasbHOe
MPEJICTABIEHIE W, KPOME TOTO, YAOBJIETBOPSAET YPABHEHUIO

d
P(D)x e
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Ha#innre crekrpanproe mpeacrapaenne aast X,;. [Ipm kakmx
YCJIOBUSIX Ha, MHOTOUWIEH P pellierre ypaBHEHUsT €TMHCTBEHHO !

. Cranmonapusiit nponece (Y;,t € R) yaoBaeTBopsieT paBeHCTBY
dY;/dt = X;, vme crammonapubiii nponecc (Xt € R) nme-
er crnekrpasbayio miorHocts f(A) = AI{|A\| < 1}. Haiiaure
cov(Y1, Yp).

. Cayuaiinstii npouecc (X;,t € R) aBiagercs neHTPUPOBAHHBIM 1
CTAITMOHAPHBIM B TITUPOKOM CMBICTE. Ko crekTpaisbHas II0T-
HocTh paBHa f(A) = |A[Ij_22(N). HMcnoap3ys coexTpasbHOe
NPECTABIICHNE, HAJUTE CICKTPAIBbHYIO IIOTHOCTE TPOLECCa
Y;, yIOBIETBOPSIONIETO yPABHEHUTO %Yt + 5Y, = X,. Boruuc-
aure DY].

. ycrs (X4, t € R) — cranuoHapHBIil B IIUPOKOM CMBICJIE TIPO-
ece, a
X, = m+ / P Z(dN),
R

— €ro CImeKTpaJbHOe mpejcTaBiaenne. JlokaxunTte, 910

(L?) bﬂlzigioo ; i - (/a Xtdt> =m+ Z({0}).
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13. DiieMeHTblI CTOXAaCTUYECKOr'0 MCYNUCICHUA

NTo

IMocmennsaga rT/1aBa MOCBAIEHA BBEACHUIO B OHY U3 CAMBIX
BasKHBIX 00JaCTeil TEOPHN CIYIAHHBIX IPOIIECCOB — CTOXACTHIECKOE
ucuucaenue ro.

B ocnose moctpoennst naTerpasa ITo JeKUT TOHATHE BUHEPOB-
CKOT'O TIPOIIECCA OTHOCUTETbHO (DUIBTPAIINN.

A Ompepgesienne 13.1 Ilyers F = (F,,t > 0) — dunbrpa-
sl Ha BeposiTHOCTHOM mpocrpancTse (2, F, P). Cayqaiiasiii npo-
necc (W, t > 0) HazbIBAETCS BUHEPOSCKUM OMHocumesvho I, ecin

1. Wy =0 n.m;
W, cornacosamn c F;
W, — W, me 3apucut ot F, maa aobeix t > s > 0;

Wi = W, ~ N0, — s5);

AT e SR S

W, mMmeeT HempephIBHBIE TPAEKTOPUH.

[Iycte (Wi, t > 0) — BHHEPOBCKHil TPOIECC OTHOCHTEIBHO F =
(F,t = 0). Paccmorpum caepyronmit HAGOP MOIMHOKECTB

K={(s,t] xB: 0<s<t, BeF}.

Jlerko niposeputh, uro K gapigercs nogykosbiom Ha (0, +00) x €.
Paccmorpum crenytomee orobpaxenne & @ K — L2(Q, F, P):

E((syt] x By =Ig(W, — W) upn 0 < s < t, B € F,.

Crenyiommas TeMMa, CBSI3BIBAET HAC CO CTOXACTUIECKUM MHTEIPATIOM
W3 MPEBIAYITIETO pa3jiena.

JlemMma 13.1 Omobpasicenue £ ABAAEMCA UEHMPUPOBAHHOT Op-
MO20HANOHOT CAYHaTHOT Mmepot na K co cmpyxk-
myprot mepot 1 = mes X P, 2de mes — amo mepa
Jlebeza na (0,400).
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B mpenbiaymem passene HaMu OBLT MTOCTPOEH CTOXACTUUECKUM
WHTErPaJ 0 OPTOTOHAJILHON caydaiinoit mepe. Torma u mo & Taxkoi
HHTErpaJ CyIeCTBYET, 1 UMEHHO OH W HA3BIBAETCS HHTErpagoM MTo.

A Onpenenenne 13.2 Jina moboit byuknun f € L2((0, +00) x
Q,0(X), mes x P) onpenesen croxacTUIeCKuii HHTErPAJ O OPTOTO-
HaJbHON CAy9IaifHoi Mepe &, Ha3bIBAEMbIN CIMOLACMUNECKUM UHME-
epasom Umo. s Hero ncnomb3yercs cnenuaibHoe 0003HaUeHTe

= [ awe= [ o),

0
(0,400) x Q2

A Omnpenesienne 13.3 Curma-aarebpa o(K) naswsiBaercs
npedckasyemoti cuema-anzebpoti ua (0,+00) x Q u oboznauaercs
PRED. Cayuaitasie npomeccel f = (f(t),t > 0), usmepumble
(kax orobpazkerme f : (0,+00) x  — R) orrOCHTETHHO PRED,
HA3bIBAIOTCS NPEJCKA3YEMBLMU.

3amerum, 9To B nHTErpaje NUTo, Kak B CTOXaCTHIECKOM WHTETDa-
Jie 110 OPTOT'OHAJILHON CJIyYailHON Mepe, IPOCTPAHCTBO 3JIeMeHTap-
HBIX UCXO/I0B ABJIAETCA 9acThio A = (O, —I—oo) X ), TeM caMbIM, Mbl
MHTErPUPYEM CJIyYalHbIA IIPOLECC IO CLy4aliHOl Mepe.

Bazosrie cpoiicTa maTerpasa ITo SBAsSioTCS TeMU XKe, 9TO U Y
MHTErpaJia 10 OPTOIrOHAJILHON CJIy4aliHOl Mepe.

1. JImneitnocts. g  mobwix  f,g €  L*((0,+00) X
Q, PRED, mes x P), a, f € R BbImosiHEHO

Iaf + Bg) =aI(f) + BI(g).

2. Mzomerpuunoctb. na mwobwix f,g € L*((0,+00) X
Q, PRED, mes x P) BoInosHEeHO

(30f),3(9)) L2.5.0) = (f+9) L2((0,400) x 2,0 (5), mes xP), T-€-

E1)300) = [ (EFtwlgltw) e
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3. Ilenrpuposarauoctb. [na smoboro f € L*((0,400) X
Q, PRED, mes x P) BbinosHeHO

EI(f) = 0.

4. Hna mobweix 0 < s < t, B € F; nMeeT MeCcTO paBeHCTBO

I(I{(s,t] x B}) = Ig(W; = W,).

Paccyvorpum npumep Borumcienusa waTerpasa rto uyth 6osee
CJIOKHBIX (DYHKIIHIA.

A 3anaua 13.1. Ilycts 0 =ty < t; < ... < t, U JaHLI Caydaii-
HBbIE BeJIUYIUHEL f1, ..., f,, opwdem f; aeaserca F;,_ -udMepumoit g
Bcex ¢ = 1,...,n. JlokaxkuTe, 9TO TOT1a, /I CTYIEHIATOTO TTPOTIECCa,
ft,w) =370 filw)I{t;—1 <t < t;} BBIIONHEHO

j(f) = Zfz(th - Wti—l)'

Permrenune

B cuny nuneitHocTH, OCTATOYHO JI0KA3aTh, YTO JIJIA JIIOOOrO
1=1,...,n

I(filw)I{tioy <t <ti}) = fil Wy, = Wi, ).

3aMeruM, 9T0, B CHIy CBOiicTBa 4, (popMysia BepHa nipu f; =

Ip nna B € J;,_,. PaccMoTpnM mocseg0BaTebHOCTE ITPO-
croix Fp,  -usmepumbix bynkuumit f7, cxopsimmuxes B L2(Q)
fi- Torma

ISty <t <ti}) = fif (W, = W, ).

Hasee, mocnemosareabrocts f(w)I{t;_; < t < t;} cxomurcs
B L2((0,+00) X Q,PRED, mes x P) x fi(w)[{t;_1 <t < t;}.
Ocrasioch I0Ka3aTh, YTO IIpaBasg IacTb IIOCJETHErO DABEH-
crBa cxomures k f; (Wi, — Wy, ) 8 L*(Q). 3aecy nocraroano
BOCIIOJIB30BaThcd HezaBucumoctero Wy, — W, u F, -
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E((f7 = f) (W = W,,,)) =
=E(f! — fE(We =W ,)" =0,

3amava pemieHa.

Jlst mpescKa3yeMbIX TIPOIECCOB MOXKHO PAaCCMOTPETHh WHTErpa
Uro no orpesky [0, t] u nosyunTs cirydaitublii mporece kak byHKIHIO
Bepxuero npegena. Illyers f = (f(t,w),t > 0) — mpenckasyemblii
mporiecc. Torma momoxkum st ¢ > 0

Jt(f(s,w)):/o F(,@)dWV, == I(f(s,)T{s < £}).

Kax mokaspiBaeT caeayiomas TeopeMa, TaHHbIN Iporece obIara-
€T BeCbMa MHTEPECHbIMU CBOHCTBAMU.

Teopema Iyemoy f = (f(t,w),t > 0) — npedckasyemvii

13.1 npouecc. Tozda npouecc (3,(f),t > 0) asasem-
ca  mapmunzasom omuocumenrvho F, umerowum
HENPEPHIEHBIE MPAEKNOPUL C GEPOAMHOCTIDIO 1.

[Moo6HbIe 3amevaTenbhble cBoiicria npouecca (J:(f),t > 0) nos-
BOJIUJIN TIOCTPOUTH AHAJIOT KJIACCHIECKOrO TH(MdOEPEHIHATBHOIO 1
MHTErPaIbHOTO ucuucierns. OJHAKO TPeXkJe YeM MepeXoauThb K
CTOXaCTUYECKOMY HMCUYUCEHUI0, HEODXOINMO TPOSCHUTHL OTBETHI HA
JIBa BOIIPOCA: KAKHE IPOIECCHI SIBJISIOTCA MPEJICKA3yEeMbIME U KaKO-
BBl MOTYT OBITH CIIOCOGBI BBIYMCJIeHUs nHTerpaaa UTo Ha oTpeske.
3/1eCh BayKHbBI JIBE JIEMMBbI.

Jlemma 13.2  Ecau caywatinwt npouece (Xt > 0) coeaacosan
¢ puavmpayuet F u umeem nenpepwisrovie caesa
MPAEKMOPUL, O OH ABAAEMNCA NPEICKASYEMBIM.
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Jlemma 13.3  Ilycmo (X, t > 0) — npedckasyemuiti npoyece,
HENPEPLIGHBIT 6 CPeOHeM K6a0PAMUYHOM HA OM-
pesxe [0,t]. Toeda

t n
/ X, dW, =1im.am—o 3 Xoe (W, = Wi ),
0

k=1
ede T = {0 =1y, <...<t, =t} — pasbuenue
[0,t], A(T) = max (te — th1)-

=1,...,

OrmeruM, 9T0 yCJIOBrE B3sITHS KpailHell JIeBOil TOUKHY tj,_1 B JieM-
mve 13.3 BecbMa TPUHIIUIHAIBHO, TPU BRIOOPE APYTUX TOYEK W TIpPe-

Jiest Oyser JIpyruM.

A Onpegnenenue 13.4 Ilycrs X = (X;,t > 0) — mpejackasye-
MBIiT mporiece. I'oBOpAT, 9To OH UMeeT cmozracmuseckuti dugpgpepen-
YUaL

dX, = g(t7w)dt + f(tv W)tha (6)

ecin
e mporecchl g(t,w) u f(t,w) TakKe MPeICKA3yeMbl;

e nponecc f(s,w)I{s < t} npunamuexur L?((0,+00) X
Q, PRED, mes x P) aust nr060ro KoHewHoro t;

e dyukius g(s,w) uarerpupyema Ha jobom orpeske [0,t] ¢ Be-
POSTHOCTBIO 1;

o i 1060ro t > 0 ¢ BepOATHOCTHIO 1 BBINOJIHAETCS PABEHCTBO

t t
X; = X, —1—/ g(s,w)ds +/ f(s,w)dWs.
0 0

q)yH,ZLaMeHTa.HbHI)IM peE3yabTaATOM CTOXACTUYIECCKOT'O HMCHUCJICHUA
apysgercsa (opmyaa UTo, mo3soggmomas HaAX0IUTh CTOXACTHUECKHI
nuddepenima GYHKIUA OT CIyIaliHOTO IPOIECCA.
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Teopema Iyemoy (Xy,t > 0) — npedekasyemoviti npo-

13.2 (dop- uecc, umerowuli cmozacmudeckul Jupdepernvu-

myaa WTo) an (6). Mycmv gynwyus H(t,xz) : [0,+00) x
R — R maxosa, 4mo cyuecmeyiom Henpepie-
noe wacmuwe npouzeodnwe OH/Ot, 0*H/0x>.
Iycmv maxoce das awbozo t > 0 npouecc
h(s,w) = f(s,w)%L (s, X,)I{s < t} npunadae-
otcum L2((0, 400) x Q, PRED, mes x P). Tozda npo-
uyece Yy = H(t, X;) maxorce umeem cmoxacmure-
crutl dudepernyuan, pacHvIT

OH (t, X,) OH (t, X;)
ot at + ox
10%H(t, X;)

I S R T )
Ty St

dY, = dX:+

[Mosicaum  dopmyny. IlepBbie zBa cjaaraeMbix COOTBETCTBYIOT
obbrarHoMy npaBuity JAuddepentiupoBanusd HYHKIMI MHOTHX Iepe-
MeHHbIX. Ho B ciyyae croxacrudeckoro gudbepeHiuana cydaii-

2
HOCTb JI3€T eLLe OJHO CIaIaeMOe BUJIA %%(d)ﬁ)? Buech (dX;)?

MOXKHO IIOHUMATDh TaK: BO3BOAUM CbOpMa.)'[bHO @ B KBaJApaT 1 I10JIa-
raeM

(dt)> =0, dt-dW, =0, (dW,)* = dt.

Orcroma (dX;)? = f2dt.

[Ipusenem npumep npumenenusi popmyssl Uro.
A 3agaua 13.2. C nomotsio dhopmysast UTo BerauncnTe

t
/ WedWs.
0

Pemenue

Monoxum Y, = H(t,W,) n maiigem takyo H, arobsr dY; =
W dW,. 1o dopmysie Uto, umeem
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2
OH(6, W)\, DH(LW.) o 10PH (1, W)

ot ox 2 0a?
Beb B HameM caydae X; = W, u, crano 6bire, f(s,w) = 1.
[Mpupasuausas koadduruentsr npu dW; u dt, nogyaaem

OH OH 10°H

o =" e Taae T

dY; = dt,

U3 nepsoro pasencrsa caenyer, uro H(t,z) = x*/2—C(t). U3
BTOPOTO paBeHcTBa HaxoauM, 9ro C(t) = t/2+C. HavanbHoe
ycaoBue — myiesoe, nosromy C = 0. B urore,

¢ 2
/ woaw, = Vit
O 2

3amavua pemieHa.

OrmeruM MHOTOMEDPHBIN BapuaHT (opmyasl UTo. Paccmorpum

HECKOJILKO TpeJICcKasyeMblx npomnecco X!, ¢ = 1,....k, wnmero-
MUX CTOXacTUUecKuil audppepeHninas Buga @ Ecmu dyuxuuna
H(t,zy,...,;) yIoBIETBOPsieT 0600IMIEHNIO yCa0BMiA TeopeMbl 13.2,
TO

. . 1o~ &H
dH(t, X}, ..., X" = dt+z dX . Durds; ———fif;dt.

Hawm ocTanocs pa3obparsh BOIPOC O CyIIeCTBOBAHUN PEITIEHUN CTO-
xXacTuueckux anddepennuaabHbX ypaBHeHuil. Bymzem paccmarpn-
BaTh CTOXacTU4IecKoe nudpepeHInajibHoe YPpaBHEHNE

dXt = b(t, Xt)dt + U(t, Xt)th, t S T, (7)

¢ HavaJbHBIM ycaoBueM X, = Z mad HekKoTopoit Fy-mamepumoit
CyvIaiiHol BETMYIUHB £ .

A Onpegenienune 13.5 Comracosanubiii ¢ dbuabrpanueit F mnpo-
necc X = (Xt € [0,7]) HABBIBACTCH CUALHBIM DEWEHUEM CTOXA-
cTuaeckoro audepeHInabLHOTO YPABHEHNS , €CJIM OH C BEPOST-
HOCTBIO 1 MMeeT HelpepbIBHbIE TpaeKTopun u jiis joboro ¢ < T 1m.u.
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BBITIOJIHECHO PaBEHCTBO

t t
X, =Xo+ / b(s, X,)ds + / o(s, X,)dW;.
0 0

[Mpm kakwmx ycaoBusx Ha MYHKINN b W 0 peIenne CymecTByeT?!
[ToTpebyem BBHITIOSTHEHNWE JBYX YCJIOBHI: TMyCTH CYIIECTBYIOT TaKne
L=L(T)uc=c(T), aro gust aw0bbix x,y € Rt < T

b(t,z) — b(t, y)| + |o(t,z) — o(t,y)| < Llz — yl; (8)
b(t, 2)|* + o (t, 2)[* < e(1+2?). (9)

B jiannbIX yC/10BUsE BbIIIOJIHEHA CJIE/YIOIIAs TEOPEMA O CYIIECTBOBA-
HUU U eJIMHCTBEHHOCTH perienus ypapHenus ([7)).

Teopema Hycmoy Pynryuu b u o usmepumss u ydos.remeso-

13.3 PAIOM YCAOBUAM U @ Ilyems cayyatinas ee-
aununa Z asasemea Fo-usmepumoti u EZ? < oo.
Tozda cyusecmeyem eduncmeennoe cuabroe peuie-
HUE CMOTGCMUNECK020 JuPdeperHuuairvhozo ypas-
HEHUA C HAYAALHBIM ycaosuem Xo = 4,
npuuem pynxuus E| X, | oepanuuena na ompeske
[0,T7].

Paccymorprm B KauecTBe npumepa ypasHenue JlamkeBena
dVy, = —aV,dt + cdW,, a,0 > 0.

A 3anaua 13.3. loxaxkure, 9T0 pernenne ypaBaenus JlaHxese-
Ha C HAYAJBHBIM yCaoBUEM Vo = Z 3amaercs hopMyoit

t
V,=Ze “ + a/ e =S W,

0

Pemenue

Mosokum X, = f(f e*dW,nY, = ce~*X,. Torga 1o dbopmy-
ge UTo,
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dY, = —ace” "X, dt + ce”"dX,; =
= —aY,dt + oe~ e dW, =

CroBa no dopmyne Uro,
d(Ze ™) = —aZe “dt,

OTKyJla MBI U HOJydaeM, 4To mnpomecc V; = Ze * +Y; yno-
BJIETBOPsieT ypaBHEHUIO JlaHKeBeHa

dV, = —aV,dt + odW,,

a TakKe HavaJbHOMY ycjaoBuio Vo = Z, Benp Yy = 0.

3amaua pemieHa.

A 3agaum A9 CaMOCTOSTEIBHOTO PENIeHUs

1. Ilycte 0 =ty < t; < ... < t, U JaHBI cay4daliHble BEJTUIUHbI
fi,-.., fn, npuuem f; apaserca F;,-u3MepuMoil Iy BCeX ¢ =
1,...,n. Jokaxkure, 9T0 TOTjAa [JisT CTYIEHUIATOTO MPOIECCA

flt,w) = >0 filw)I{ti-y < t < t;} nponecc Jy(f) aBagerca
MapTHHTAIOM C I1.H. HENPEPBIBHBIMA TPAEKTOPUSMH.

2. Ilycrb 7 — MOMEHT OCTAHOBKM OTHOCHTEJIbHO E€CTECTBEHHOIl
dunbrpamun  Buneposckoro mpomecca (W, t > 0), mpudem
ET < +o00. Jokaxure, 910

—+oo
a) [, I{t < 7}dW, = W,, eciu T IpUHEMAET JIUIIb KOHEYHOe
YUCJI0 3HAYCHUH;

6) 0+00 I{t < 7}dW; = W,, eciiu T — IPOU3BOJIBHBII;
B) EW? = E7.

3. IlpuBeaure mupuMmep croxacTuueckoro mguddepeHnnaabHOTo
YPaBHEHUS C HYJIEBBIM HAYAJBHBIM YCJIOBHUEM, PEIIEHUE KOTO-
poro He eINHCTBEHHO.

4. Pemure croxactudeckue audppepeHiinaibHbe YPABHEHUS:
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a) dXt = Xtth, X() =1.

6) dXt - %Xtdt + 2Xtth7 X() - 1

. Hokaxwure, uro ecan V(0) He 3aBUCHT OT BHHEPOBCKOTO MPO-
necca (Wi, t = 0) u V(0) ~ N(0,02/(2a)), To pemenne V =

(Vi,t = 0) ypasuenus Jlanxesena dV; = —aVidt + odW, sasB-

JIFETCI TAyCCOBCKUM TIPOIECCOM C KOBAPHUAIIMOHHON (PyHKITHEH

2
o’ p—als—t|
5a € .

. Myers X, = (X}, X?) — AByMepHbIi mPOIECC, 3aJai0muiics

croxacTudeckuM andPePeHITuaIbHbIM YPaBHEHTEM

0 -1

1

> Xtth7

riae (Wi, t > 0) — omHOMEpHBIN BUHEPOBCKHUIT TpoIiecc.
a) Jloxaxure, uro (X})? 4+ (X?)? = const n.h.

6) Pemmre ypashenue B npegnosioxenun, uro Xg = 1, X2 = 0.

. Iyers (X, t > 0) — mponece n3 L*((0, +00) x Q, PRED, mes X
P). JlokazKuTe ToTra, 9TO TOT/IA TIPOTECC

t t
Y, = exp ( | xaw. - [ ngs),
0 0

yrosaersopsiet cootnomenuto EY; < 1 mia seex t > 0 (mpen-
MOJIATAEM, ITO BCe HEOOXOAMMBIE MPOIECCH MHTErPUPYEMBI ).

. IIyers (Xy,t > 0) — orpanmdennsrit mporece 3 L?((0, 400) X
Q, PRED, mes x P), T.e. cymecrsyer Takass C' > 0, aro | X;| < C
aast Becex t > 0. JTokakuTe, 9TO TOTAA TTPOTIECC

t 1 t
Y, =exp X dW, — = | X2%ds), t>0,
2 S
0 0

ABJIAETCA MapPTHUHTAJIOM.
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