
List of Theorems for Exam in Graph Theory

Theorem 1 (Erdős–Ko–Rado). Let n ≥ 2k and let F ⊆
(
[n]
k

)
be an intersecting family, i.e., for all

A,B ∈ F we have A ∩B ̸= ∅. Then

|F| ≤
(
n− 1

k − 1

)
.

Moreover, if n > 2k, equality holds if and only if F consists of all k-subsets containing a fixed element.

Theorem 2 (Lovász, Chromatic Number of Kneser Graphs). Let KG(n, k) be the Kneser graph whose
vertices are the k-subsets of [n] and edges connect disjoint sets. Then

χ(KG(n, k)) = n− 2k + 2.

Theorem 3 (Borsuk–Ulam). Let A1, . . . , An+1 be closed (or open) subsets of the sphere Sn such that

Sn = A1 ∪ · · · ∪ An+1.

Then there exists an index i and a point x ∈ Sn such that x ∈ Ai and − x ∈ Ai.

Definition 1. Let n, k, t be positive integers. Define m(n, k, t) to be the maximum size of a family F ⊆
(
[n]
k

)
such that for all distinct sets A,B ∈ F we have |A ∩B| ≠ t. In other words,

m(n, k, t) = max

{
|F| : F ⊆

(
[n]

k

)
, ∀A ̸= B ∈ F , |A ∩B| ≠ t

}
.

Theorem 4. For m(n, 3, 1) we have

m(n, 3, 1) ≥


n, if 4|n,
n− 1, if n ≡ 1 (mod 4),

n− 2, otherwise.

Theorem 5. For m(n, 5, 2) we have

m(n, 5, 2) ≤
(
n

2

)
+ 2

(
n

1

)
+

(
n

0

)
.

Theorem 6. The previous bound can be improved as follows:

m(n, 5, 2) ≤
(
n

2

)
.

Theorem 7. m(n, 5, 2) ≥
(
n−3
2

)
.

Theorem 8 (Frankl–Wilson, 1981). Let n, k, t be integers such that k − t = p, where p is a prime, and
k < 2p. Then

m(n, k, t) ≤
p−1∑
i=0

(
n

i

)
.

Definition 2. Let H = (V,E) be a hypergraph. A set T ⊆ V is called a vertex cover if

T ∩ e ̸= ∅ for all e ∈ E.

The vertex cover number τ(H) is defined as

τ(H) = min{ |T | : T ⊆ V, T ∩ e ̸= ∅ ∀e ∈ E }.

1



Theorem 9. For all n, k, s and any k-uniform hypergraph H on n vertices with |E(H)| = s, we have

τ(H) ≤ max

{
n

k
,
n

k
ln

sk

n

}
+

n

k
+ 1.

Theorem 10. Let n ≥ 4, k ≤ n
4
, and s satisfy 4 ≤ sk

n
≤ k.

Then there exists a hypergraph H with |E(H)| = s such that

τ(H) ≥ 1

32
· n
k
ln

sk

n
.

Theorem 11 (Max-Flow Min-Cut). Let G = (V,E) be a directed network with capacity function c : E →
R≥0, source s ∈ V , and sink t ∈ V . Then the maximum value of an s–t flow is equal to the minimum
capacity of an s–t cut, i.e.,

max
f

|f | = min
(S,T )

c(S, T ),

where the minimum is taken over all partitions (S, T ) of V such that s ∈ S and t ∈ T , and

c(S, T ) =
∑

u∈S, v∈T

c(u, v).

Theorem 12 (Hall’s Marriage Theorem). Let G = (X ∪ Y,E) be a bipartite graph. Then there exists a
matching that covers all vertices of X if and only if for every subset S ⊆ X we have

|N(S)| ≥ |S|,

where N(S) denotes the set of neighbors of S in Y .

Theorem 13 (Menger’s Theorem, vertex version). Let G = (V,E) be a finite graph and let x, y ∈ V ,
x ̸= y. Then the maximum number of internally vertex-disjoint x–y paths is equal to the minimum size of
a vertex set S ⊆ V \ {x, y} whose removal separates x and y.

Theorem 14 (Menger’s Theorem, edge version). Let G = (V,E) be a finite graph and let x, y ∈ V , x ̸= y.
Then the maximum number of edge-disjoint x–y paths is equal to the minimum number of edges whose
removal separates x and y.
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