List of Theorems for Exam in Graph Theory

Theorem 1 (Erdés—-Ko-Rado). Let n > 2k and let F C ([Z]) be an intersecting family, i.e., for all
A,B € F we have AN B # (). Then
n—1
< .
Fl = (k — 1)

Moreover, if n > 2k, equality holds if and only if F consists of all k-subsets containing a fixed element.

Theorem 2 (Lovdsz, Chromatic Number of Kneser Graphs). Let KG(n, k) be the Kneser graph whose
vertices are the k-subsets of [n] and edges connect disjoint sets. Then

X(KG(n,k)) =n— 2k + 2.
Theorem 3 (Borsuk—Ulam). Let Ay, ..., A,1 be closed (or open) subsets of the sphere S™ such that
St"=AU---UA, 4.
Then there exists an index i and a point x € S™ such that x € A; and —x € A;.

Definition 1. Let n, k.t be positive integers. Define m(n, k,t) to be the maximum size of a family F C ([Z})
such that for all distinct sets A, B € F we have |AN B| # t. In other words,

m(n,k:,t):max{|]-"| L FC ([Z]), VA#BeF, |ANB| %t}.

Theorem 4. For m(n,3,1) we have

n, if 4|n,
m(n,3,1) ><n—1, ifn=1 (mod4),

n — 2, otherwise.

Theorem 5. For m(n,5,2) we have

s ()4() - ()

Theorem 6. The previous bound can be improved as follows:
m(n,5,2) < (Z)

Theorem 8 (Frankl-Wilson, 1981). Let n, k,t be integers such that k —t = p, where p is a prime, and
k < 2p. Then

Theorem 7. m(n,5,2) > ("}°).

p—1
n
m(n, k,t) < Z <Z)
1=0
Definition 2. Let H = (V, E) be a hypergraph. A set T C 'V is called a vertex cover if
TNe#0 foralleeE.

The vertex cover number 7(H) is defined as

T(H)=min{|T|: TCV, TNe#DVee E}.
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Theorem 9. For all n,k,s and any k-uniform hypergraph H on n vertices with |E(H)| = s, we have

n n. sk n
H) < —,—In— —+1.
7( )_max{k,lC nn}—i-k—i—
Theorem 10. Letn >4, k < %, and s satisfy 4 < % < k.
Then there exists a hypergraph H with |E(H)| = s such that
1 sk

n

Theorem 11 (Max-Flow Min-Cut). Let G = (V, E) be a directed network with capacity function ¢ : E —
Rsg, source s € V, and sink t € V. Then the mazimum value of an s—t flow is equal to the minimum
capacity of an st cut, i.e.,

max |f| = min ¢(S,T),
o[ | = min c(S.T)

where the minimum is taken over all partitions (S, T) of V' such that s € S and t € T, and

c(S,T) = Z c(u,v).

ueS, veT

Theorem 12 (Hall’'s Marriage Theorem). Let G = (X UY, E) be a bipartite graph. Then there exists a
matching that covers all vertices of X if and only if for every subset S C X we have

IN(S) = 151,
where N(S) denotes the set of neighbors of S in'Y.

Theorem 13 (Menger’s Theorem, vertex version). Let G = (V, E) be a finite graph and let x,y € V,
x # vy. Then the maximum number of internally vertex-disjoint x—y paths is equal to the minimum size of
a vertex set S C V' \ {x,y} whose removal separates x and y.

Theorem 14 (Menger’s Theorem, edge version). Let G = (V, E) be a finite graph and let x,y € V, x # y.
Then the maximum number of edge-disjoint x—y paths is equal to the minimum number of edges whose
removal separates x and y.

Theorem 15 (Brooks’ Theorem). Let G be a connected graph with mazimum degree A.
If G is neither a complete graph nor an odd cycle, then x(G) < A.

Theorem 16 (Kénig’s Theorem). For every bipartite graph G,
X'(G) = A(G), where X'(GQ) is the edge chromatic number of G and A(G) is the mazimum degree of
G.

Theorem 17 (Vizing’s Theorem). For every simple graph G, A(G) < X'(G) < A(G) + 1, where X'(G) is
the edge chromatic number of G.

Theorem 18 (Turan, 1941). Let |G| = n,w(G) < k, and suppose that G has the largest possible number
of edges among all graphs satisfying these conditions.
Then G is a complete k-partite graph in which the sizes of any two parts differ by at most 1.



